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Abstract

Ef�cient andinformative visualizationof surfaceswith uncertain-
ties is an important topic with many applicationsin scienceand
engineering.Examplesincludeenvironmentalpollution borderline
identi�cation, identi�cation of thelimits of anoil basin,or discrim-
inationbetweencontaminatedandhealthy tissuein medicine.This
paperpresentsan approachfor suchvisualizationusingpointsas
displayprimitives.Ourapproachis to rendereachpolygonasacol-
lectionof pointsandto displaceeachpoint from thesurfacein the
directionof thesurfacenormalby anamountproportionalto some
randomnumbermultiplied by the uncertaintylevel at that point.
This approachcanbe usedin combinationwith other techniques
suchas pseudo-coloringand shadingto give rise to ef�cient and
revealingvisualizations.The methodis usedto visualizereal and
simulatedtumorformationswith uncertaintyof tumorboundaries.

CR Categories: I.3.7 [ComputationalGeometryandObjectMod-
eling]: Object Representations—;I.3.8 [Applications]: Tumor
Growth Models—;

Keywords: uncertainty, visualizingsurfaceuncertainty, pointsas
displayprimitives

1 INTRODUCTION

Everything we measureand hencemost everything that we deal
with in technical �elds can have uncertaintyassociatedwith it.
When the measured(or predicted)datais visualizedit is impor-
tant to communicateinformationabouttheuncertaintyalongwith
thedataitself,especiallyif thevisualizationwill beusedin decision
making.For somesimplesituationstherearestandardmethodsfor
dealingwith this problem. For example,representinguncertain-
ties in pointsof a 2D graphasvertical bars,graphingprobability
densitycurves andsurfaces,displayinguncertaintyanddataside
by side. All of thesemethodsareaimedat conveying information
aboutuncertaintyor error. However, whendatasetsareeithervery
large andcomplicatedor multi-dimensionalthe problembecomes
morechallenging.

We have chosento concentrateon the problemof visualizing
surfaceswith uncertainties.This is a very importantsubproblem
becauseof thegreatnumberof applicationsit has.Sincewe live in
a 3D world, any objectwe considerhasa surface— whetherthat
is thesurfaceof theterrain,thesurfaceof thebodyof anairplane,
or thesurfaceof aninternalorgan. In addition,wefrequentlygraph
surfacesto representthe interrelationof threevariables. In all of
theseandothercases,wemayneedto visualizeuncertaintiesof the
surfaces.It maybe thatwe needto senda spaceshipto theMoon
andthisrequiresusto �nd aplacefor it to land.Thus,whenrender-
ing thesurfaceof theMoon,we would like to know how precisely
locationor altitudeis known in eacharea.We would certainlynot
pick a landingspotin anareawhereuncertaintyis high. Or perhaps

whenvisualizinglooking at a visualizationof onesbrainobtained
from MagneticResonancedata,thesurgeonwould liketo know the
locationof theboundariesbetweenhealthy andcanceroustissuein
orderto planasurgery. However, in orderto know how reliablethis
planmaybe,shehasto know how certaintheboundaryinformation
is. In the casewhenwe usesurfacesto interrelatethreevariables
in mathematicsor engineering,we mayneedto know how certain
theapparentcorrelationis in orderto know whetherto give it any
credibility or not.

An ideal techniquesuitablefor displayingsurfaceswith uncer-
taintiesshouldmeetcertainrequirements.First, the methodmust
give informationaboutthegeometryof thesurfaceandtheuncer-
tainty in every region. The methodhasto be intuitive in that just
by looking at a visualizationthe informationconveyed shouldbe
apparent.Sinceit is dif�cult to convey all the informationabout
a 3D surfacein a still 2D picture, the methodshouldbe interac-
tive to allow real time viewing from different positions. Finally,
whatevermeansof visualizinguncertaintyis used,it hasto benon-
distracting.And ideally, onehasto beableto visualizeothervari-
ablesalongwith uncertainty.

In thispaperwepresentanapproachto visualizingsurfaceswith
uncertaintieswhich meetsall of theabove requirements.Our tech-
niqueis basedonusingpointsasdisplayprimitivesto renderasur-
face.Themainideabehinddealingwith uncertaintyis to follow the
logical consequenceof having anuncertaintyat a point. If we are
not very certainabouthow the surfacebehavesin a particularre-
gion,thenwearenotverycertainaboutexactlywhereto putpoints
representingthesurfacein thatregion. Hence,we shouldput them
in a way that incorporatesa certainamountof randomness,which
shouldbeproportionalto theuncertaintyin theregion. This is done
onaperpointbasis.

We apply our approachto the visualizationof growing tumors.
It is well known that �nding strict bordersof a growing tumor is
extremelyimportantwhenit comesto makingdecisionson how to
treatthetumor, but alsovery hardbecauseareasof low tumorcell
density(whichdonotshow upverywell onexaminationwith CAT
scans)areusuallytheoneswith thehighestgrowth rates.

2 RELATED WORK

There is a rich and active body of researchaddressingthe chal-
lengeof showing datavaluesin thecontext of theircertaintiesin an
organic andeffective manner. Maneapproacheswhich have been
effectivecanberoughlybrokendown into thesebasiccategories.

Samplingapproachesrely on showing uncertaintyinformation
only as discretepoints of the space. Examplesare uncertainty
glyphs[12, 16], soni�cation [7, 11, 9], proceduralannotations[2],
anddiscreteprobabilitydistributions[14]. Thesemethodsareuse-
ful assamplingdevices,however, the fact that uncertaintyis only
shown in discretepointslimits their utility in continuousdomains.

Another group of approachesrelies on simply treatinguncer-
tainty as an extra variable, increasingthe numberof dimensions
of the datasetby one. This extra variableis thendisplayedusing
any of the standardmethodsfor displayingmultidimensionaldata
sets.In particular, pseudo-coloring[17] canbeeasilyusedfor this
task. Theseapproachesareusefulin the sensethat they generally



convey informationaboutthe uncertaintycontinuously. However,
uncertaintyis not a variablejust like all the othersin that it is as-
sociatedwith somemeasure.Whenwe say uncertaintywe refer
to uncertaintyin somevariable. If this variableis alsoshown in
thevisualization,thenideally thevisualdisplaymechanismof the
uncertaintyshouldcorrespondto that of the variable. If we visu-
alize uncertaintyas just anotherindependentvariable,we fail to
make this connection,which partly defeatsthepurposeof measur-
ing uncertainty. For example,if weconsideruncertaintyin location,
then it is associatedwith coordinates.If when renderingwe use
pseudo-colorfor uncertainty, we loosetheconnectionbetweenthe
uncertaintyandthegeometry. In a sense,we only displayrelative
uncertainty.

Thethird widely usedtypeof methodfor visualizinguncertain-
tieson surfacesmodi�es thegeometryof thesurfacebasedon the
uncertaintyin eachregion. Approachesfrom this collectionarefat
surfaces[12,1], displacementsandotherperturbationsof geometry
[12, 10], animation[4], andISFfractalinterpolation[18]. In thefat
surfacesapproachseveral surfacesarerenderedto show the range
of possiblelocationsof the datapoints. This techniqueis well-
suitedfor situationswhenthe uncertaintyis given in the form of
minimum/maximumvaluepairs. Animationapproachesarebased
on oscillatingregionsof the surfacewith amplitudesproportional
to uncertainty. This way, areaswhich jump aroundextensively are
known to be uncertainty, while thosewhich are still, are certain.
Theseapproachesare convenientbut have the disadvantagethat
they cannot be printedor viewed on staticmedia. Also, with the
surfaceoscillating, it may be hardto displayvariablesother than
uncertainty. Thedirectrenderingof surfacesproducedby IFS frac-
tal interpolationmay producelarge perturbationsin the geometry
of thesurface,drawing muchattentionto areasof highuncertainty.

3 TUMOR GROWTH MODEL APPLICA-
TION

Approachesfor visualizinguncertaintyof surfacesareparticularly
useful for studyingthe generalproblemof understandingborder
informationfrom a volumedataset. For example,environmental
scientistscollectsoil samplesfrom differentregionsanddepthsin
order to detectpossibleareasof pollution. When suchareasare
identi�ed, and cleanupefforts needto be started,it is important
to be awareof the bordersof the contaminatedareagiven the set
of collectedsamples.In the oil mining industry, whena new oil
basinis explored,it is necessaryto identify theedgesof thebasin
alongwith how certainthey areknown in order to optimally po-
sition wells. Similar problemsexist in medicine,wherethe task
is to determinetheboundarybetweentwo differenttypesof tissue
(healthy andsick or contaminatedandnon-contaminated)so that
surgeryor radiationtherapy maybeplanned.

We applyour techniquesto visualizingtumor formationssimu-
latedby a tumorgrowth model. A greatdealof researchhasbeen
donein developing modelsfor describingtumor growth [15, 6].
Oneof thebestknown modelsof this type is theGompertzmodel
[15]. It proposesthat if V(t) is thevolumeof the tumorat time t,
then:

V(t) = V(0) exp(
A
B

(1� exp(� Bt))) (1)

whereV(0) is the volume of the tumor at time 0, and A and B
are growth parameters[15]. The growth describedby this equa-
tion is initially exponential,then slows down and asymptotically
approachesaplateauof V(0) exp( A

B) ast ! ¥ . Thustheratio A
B de-

terminesthe �nal sizeof thetumorandB alonede�nes how sharp
the initial growth is. We apply theGompertzmodelto build a tu-
mor out of many small tumorsinitially dispersedin space.Eachof
thesesmall tumorsis modeledusingthesamegrowth formulabut

with differentgrowth parameterscorrespondingto differentcondi-
tionsof growth. After acertainperiodof growing timetheoutputof
theprogramis the3-dimensionalunionof all of thesmallertumor
formations.This algorithmparallelswell with thedevelopmentof
anactualtumor. Indeed,if tumorswereto grow outof onecell and
equallyin eachdirection,we would only observe strictly spherical
tumors. Instead,it is known that thegrowth rateof a tumorat dif-
ferentpointscanbequitedifferent,determinedby suchparameters
asnutrientavailability, densityof tumorcells,andothers.

Anotheressentialpart of the programis the assessmentof the
uncertaintyrangein determiningthe borderof the tumor. In our
model,we tie this uncertaintyto the tumor growth rate. First, we
observe thatno matterwhatthediagnosticdetectiontechnique,the
uncertaintywill behighin theareaswheretumorcell densityis low.
This is obviousbecausediagnostictechniquestargettumorcells in
detectionproceduresandwheretherearefew of themthey will have
troubledetectingsignalover thenoiselevel. Theotherobservation
is thathigh cell densitymeanslimited nutrientsupplyhencea low
growth rate. Whereaslow cell densitymeanstheopposite.There-
fore, combiningthesetwo argumentsandthe fact that the growth
rateis simply thederivativeof volumewith respectto time,wecan
saythattheuncertaintyassociatedwith a locationon thesurfaceof
eachof thesmalltumorsconsideredin ourmodelis givenby:

d(V(t))
dt

= V(0) exp(
A
B

(1� exp(� Bt))) Aexp(� Bt)

= V(t)Aexp(� Bt) (2)

In otherwords,at any given point in time, uncertainty(or growth
rate)is proportionalto thecurrentvolumeof thetumorandanex-
ponentiallydecayingterm. As t ! ¥ uncertaintyandgrowth rate
approach0, thatis thetumorreachesaconstantvolume.

As a modi�cation of our computationalmodel,we developeda
methodin which we incorporatedmetastasis.Metastasisis a well-
knownphenomenonin cancerdevelopmentwherecellsdetachfrom
atumorformation,travelalongbloodvessels,settlein anotherplace
in theorganismandstarta new tumorthere.This behavior is mod-
eledasfollows. At eachgrowing time interval dt the sizesof all
thetumorswereincreasedaccordingto Formula1. At this point, if
thesizeof a tumorexceedssomethreshold(usuallyspeci�ed asa
multiple of averageinitial volume)it is forcedto metastasize.This
meansthata new tumorcenteris createda randomdistanceaway
from theold onealongtheprede�nedbloodvesseldirection. This
introduceda new parameterinto our model— age,which we out-
put alongwith uncertainty. In real life the ageof a tumor region
wouldbehardto assessdirectly, however theparameteris still very
meaningfulin understandingthegrowth of tumorformations.

Using a computationalmodel to test our visualizationmethod
hasseveral advantages. First of all, one can get more accurate
certaintyinformationfrom a computationalmodel. Eventually, of
course,onehasto comeup with a way of estimatinguncertainty
usingmedicalimages,but with adevelopedvisualizationtechnique
this becomesa separateproblem. Oneadvantageof the approach
proposedin thispaperis theability to addadditionalvariablesto the
visualizationalreadycontaininguncertaintydata.A computational
modelallowsusto developmeaningfulsupplementaryvariableson
which to testthevisualizationapproach.

A visualizationof a datasetgeneratedusingthis modelis pre-
sentedin Figure1. Figure2 shows the samemodelwith pseudo-
color indicatinguncertainty. This representationconveys informa-
tion aboutbothsurfaceshapeaswell asuncertainty. However, there
are limitations to this type of a visualizationapproach. Pseudo-
color only gives us information aboutrelative uncertaintyvalues
throughoutthesurface. Even thoughonecanintroducea colorbar
into thevisualization(asis donein Figure2), we still do not have
a clear spatialconceptof how bad a particularuncertaintyvalue
is. Given a certainuncertaintyvalue for a point, we still do not



Figure1: Polygonal model only. Excellent surfacegeometryin-
formation, however no uncertainty information.

Figure 2: Polygonal model with pseudocolor. Both, surface
geometry as well as relative uncertainty information are con-
veyed.

know how con�dent we are of the coordinatesof that point. In
otherwords,thereis no directconnectionbetweenuncertaintyand
geometry. Suchaconnectioncanbeestablishedby makingtheuser
aware of the relationshipbetweenuncertaintyvaluesand uncer-
tainty in the coordinates.However, implies an additionalpieceof
informationto for theuserconsider, andstill requiresanexplicitly
labeledcoordinatesystemin orderto beawareof pointcoordinates
aswell asuncertainties.

4 APPROACH

Our approachto visualizingsurfaceswith uncertaintiesis a direct
consequenceof how wethink of theseuncertainties.Wesaythatfor
asurfaceto haveaparticularnonzerouncertaintyvalueataparticu-
larpointmeansthatwearenotexactlysureastopreciselywherethe
point is. In otherwords,in therealobjectthepoint maybesome-
whereawayfrom whereit is ontherendering.How faris dependent
on how uncertainwe areof its locationor how big theuncertainty
valueassociatedwith thispoint is. Hence,theheartof ourapproach
is to displaceeachpoint on thesurfacealongthesurfacenormalat
thepoint,wherethedisplacementis proportionalto theuncertainty
valueat thepoint. Becauseanuncertaintyvalueat eachpoint does
not tell us exactly how big this displacementshouldbe but rather
givesusan ideaof how big it maypossiblybe,our displacements
arealsoproportionalto arandomnumber. Onaveragethiswill have
an effect of producingthe expecteddisplacementdistribution in a
regiongiventheuncertaintyvaluein thatregion.

Trianglesandotherpolygonshave beenhistoricallyusedasdis-
playprimitivesfor 3D becauseof theavailability of hardwareaccel-
erationfor polygonrendering.But asscenesgrow morecomplex,
polygonsshrinkto sizesapproachingthatof apixel. Thepossibility
of usingpointsasdisplayprimitiveswasintroducedby MarcLevoy
andTurnerWhitted[8]. It wasshown thatasthecomplexity of the
sceneincreases,choosingpointsasrenderingprimitivespresentsa
greatnumberof advantagesin termsof makingalgorithmssimple.
Hence,atsomepointit becomesappropriateto usepointsinsteadof
polygons[5]. Theadventof hardwaresupportfor pointrenderingas
well aswork donein theareaof optimizingpoint-basedrendering
[13] makesthis representationevenmoreattractive. Our approach
for visualizing uncertaintieson surfacesbuilds upon point-based
representationof thesurface.In thissituationsit is convenient,nat-
ural, andef�cient to renderthescenepoint-by-point.Givenanun-
certaintyvalueat a point we arefreeto do whatever we wantwith
thatpointwithoutexplicitly consideringwhathappensto therestof
thesurface.Renderinghereis unaffectedby thespeci�c uncertainty
values.

One enhancementto our techniquewas to incorporatetrans-
parency in thecontext of thedisplacedpoints.Themainideawasas
follows: whenaparticularregionof asurfacehasratherhighuncer-
taintyvalues,wewantit to behardto tell theexactshapeof thesur-
faceasopposedto thecasewhenwearequitecertainof thesurface
pointsandhencethe silhouetteof the surfaceshouldbe quite ap-
parent.This canbeachievedby controllingthetransparency of the
individual points. A point with a higheruncertaintyvalueshould
beassignedto bemoretransparentthanapointwith a loweruncer-
tainty value.This way, theregionshaving anaggregationof points
with high uncertaintyvalues(regionswith high uncertaintyof the
surface)will beacollectionof highly displaced,blurredpointsand
hencetheshapeof thesurfacein theseregionswill notbeapparent.

5 BASIC IMPLEMENT ATION

Ourvisualizationprogramis implementedusingtheOpenGraphics
Library (OpenGL).Themainalgorithmis outlinedbelow:



Figure3: Point-basedmodel. Surfacegeometryaswell asabso-
lute uncertainty information (as it relatesto coordinate uncer-
tainty) areconveyed.

1: Readin surface and uncertaintyinformation (polygon mesh
with uncertaintydataat vertices– uncertaintyvaluesbetween
0 and1).

2: CreateN randompoints inside eachtriangle (user is able to
controlthedensityof points).

3: Interpolateuncertaintyvaluesandnormalsfrom theverticesof
thetriangleontoeachpoint in eachtriangle.

4: for each point P do
5: calculatethedisplacement:

disp = rand() � (uncertainty at P)a � (scale f actor),
whererand() is a randomnumberbetween0 and1, anda
andscalef actor arecontrolledby theuser.

6: DisplaceP in thedirectionof thenormalatP.
7: Calculatethetransparency (alphavalue):

alpha= 1� (uncertainty at P)b,
whereb again is controlledby theuser.

8: In thecasewerepseudo-coloris used,assignthecolor of P
by mappingthe uncertaintyat P throughthe currentcolor
map.Otherwiseassignthedefault color.

9: end for
10: Displayall thepoints.
11: if underlyingpolygonalmodelis usedthen
12: Displayall thepolygons.
13: end if

Thesimplestversionof our methodis onein which thesurface
is representedasa collectionof displacedpoints. An exampleof
suchavisualizationis presentedin Figure3. Severaladvantagesof
this modelare immediatelyapparent.First of all, it is very clear
by looking at the visualizationwhich regionsof the surfacehave
highuncertaintiesandwhichhave low. Secondly, thespatialextent
of the uncertaintyis clearbecauseonecanseethe region around
the the surfacewherepointsarelikely to be found. So if the size
of this region is on the order of surfacedetail we know that the
uncertaintyin thatregion is ratherhigh andwe have practicallyno
ideaaboutthe locationof the surfacein that region. However, if
this size is rathersmall comparedwith surfacedetail, we canbe

Figure 4: Point-based model with an underlying polygonal
mesh.

fairly certainabouthow thesurfacebehavesin theregion. Looking
at Figure3 we canseethat the region indicatedby the red arrow
is ratheruncertain,asopposedto the region indicatedby the blue
arrow, werethesurfacebehavior is clear.

Sinceour modeldisplays3D informationon a 2D medium,it is
essentialfor model to be fast enoughto be interactive. Our im-
plementationof the model is real-time interactive and allows to
rotate, move, zoom in and out in addition to allowing to regu-
late modelparameterslike point density, uncertaintyscalefactor,
transparency, pseudo-color, andpresenceor absenceof the point-
basedandpolygonalmodels.An illustrationof an interactive ses-
sionof our programcanbefoundat http://www.gl.umbc.edu/
~ggrigo1/session.mpeg .

6 ENHANCEMENTS

Onedisadvantageof a visualizationlike theonein Figure3 is that
thereclearly aresomeartifactspresentdueto point-basedrender-
ing. Sincepointsarechosenat random(with auniformdistribution
throughoutthearea),it is hardto make thepointsdenseenoughto
guaranteesmoothnessin theregionswith low uncertainty. Speci�-
cally onehasto overshootwith thedensityin ordernot to missany
pointsin low uncertaintyareas.This translatesinto wastedcompu-
tationaltime. Weoffer analternativemethodwhichcombinespoint
basedandpolygonbasedrenderingto addressthisproblem.Sucha
hybrid approachhasbeenpreviouslyusedin thecontext of optimiz-
ing the renderingof largescenesby combiningthespeedof point
renderingfor distantobjects(low level of details)andthe quality
of polygonalrenderingfor closerobject(high level of details)[3].
Here,we usea similar systembut for a differentpurpose.Along
with our point-basedmodel we renderan underlying polygonal
model. In theregionswheretheuncertaintylevelsarelow, we see
a smoothsurfaceirregardlessof thepoint density. While in there-
gionswith highuncertaintylevels,weseebothwherethesurfaceis
hypothesizedto be(thepolygonalmodel)aswell aswhereit may
actuallybe(thepoint-basedmodel). An exampleof suchan illus-
tration is presentedin Figure4. The advantageof the dual-model



Figure 5: Hybrid of point-based and polygonal models with
transparency. Representationof uncertainty is more intuiti ve
sinceuncertain regionsare simply the oneswhich look uncer-
tain the eye.

approachis immediatelyapparent.Unlike with the simplepoint-
basedmodel, in this casethe regionswith low uncertaintyvalues
arevery well de�ned. To seethis comparethe region marked by
bluearrows in Figures3 and4. Thesecondmodelgivesa smooth
surfacedespitethe fact thatFigure3 wascreatedwith a density5
timeslargerthanFigure4. This is visually moreappealingaswell
asmorecomputationallyef�cient. Theregion indicatedtheredar-
row in Figure 4 is also more informative than the corresponding
region in Figure3. Herewe seeboth the hypotheticalsurfaceas
well asthelevel of uncertaintyaroundthatsurface.

As mentionedearlier, an appropriatetechniquefor visualizing
surfaceswith uncertaintiesshouldbe informative, intuitive, non-
distracting,and interactive. We have alreadymet the �rst two
criteria — the illustration in Figure 4 is informative and already
ratherintuitive. However, we canmake it even more intuitive by
varyingtransparency dependingon theuncertaintylevel. Theidea
hereis thatwe want to seeblurrinessin theareasof low certainty
anddistinct featuresin areasof high certainty. Hence,areaswith
highuncertaintyaregivenlow alphavalues(hightransparency) and
vice versa. An exampleof sucha visualizationis in Figure5. In
this case,the transparency of the underlyingpolygonalmodel is
dependenton uncertaintyvalueswith the following relationship:
a = 1:0� errc, whereerr is thescaleduncertaintyvalue(from 0 to
1) andc is a constantwhich controlshow quickly thetransparency
increaseswith increasinguncertainty. Theutility of this approach
is apparentfrom Figure5. Theregion markedwith a redarrow on
the �gure is blurredandhenceis of low certainty. As opposedto
theregion markedwith a bluearrow, wherefeaturesof thesurface
arewell-de�ned andhencetheregion is ratheruncertaintyfree.

Thethird importantcriteria for a methodof representinguncer-
taintyis thatit shouldbenon-distracting.Ideally, it shouldallow for
additionalinformationto bedisplayedalongwith surfacegeometry
anduncertainty. Our modelmeetsthis criteria aswell. An exam-
ple including a supplementaryvariable,in this casetumor age,is
shown in Figure6. Wecanseefrom this �gure thattheinformation

Figure6: The samevisualization model as in Figure 4 but dif-
ferent data with color representingtumor age.

aboutuncertaintyis conveyed rathernaturallycausinglittle or no
interferencewith the tumor ageinformation. It is easyto seethe
distributionof tumoragethroughoutthetumormassaswell asit is
easyto seethecorrelation(or its absence)betweentumorageand
uncertainty(i.e. growth rate). For example,we canseethat in the
region pointedto by the red arrow, thereis a youngtumor forma-
tion having a largeuncertainty. This makessensesinceyoungtu-
morsgenerallyhave high growth ratesandour modeltreatsthatas
anindicationof borderuncertainty. However, in theregionpointed
by to the blue arrow thereis a young tumor region with a much
lower uncertainty. This alsodoesnot contradictour modelsince
it meansthat parameterB in Equations2 is high. In real tumors
this correspondsto the casewherethe growth conditions(suchas
nutrientsupply)arenot favorable. Also, in the region marked by
the greenarrow, tumor ageis high aswell asgrowth rate(uncer-
tainty). In Equation2 this correspondsto thecasewhenA is large
andB is small. In a real tumor, it meansfavorablegrowing condi-
tionsandsuf�cient nutrientsupplythroughoutthetumor. Hence,it
is easyto seethat theagesof two tumorsdo not strictly determine
therelationshipbetweentheirgrowth rates.

7 RESULTS ON DIA GNOSTIC DATA

As further testof our method,we useda realCAT scandatasetof
humankidneys with tumorformations.Thedatasetwasin thefor-
matof a3D volumewith densityinformationin eachpoint. In order
to �nd the areaswith tumor formations,we calculatedthe isosur-
faceof thevolumewith an isovaluethatwasknown to correspond
to thetumordensity. This providedthesurfacegeometryinforma-
tion. For the certaintymeasure,we usedinversedensitygradient
at thesurfaceof the tumors. Indeed,wherethedensitygradientat
the surfaceis high, we canseea sharpandobvious border, hence
theuncertaintylevel is low. On thecontrary, if thedensitygradient
is low, a de�nite boundaryis hardto detect,thereforeuncertainty
is high. Thevisualizationof thedatais shown in Figure7. Again,
areasof high andlow certaintyareapparentandthis information
doesnot interferewith the surfacegeometryinformation. We can



Figure7: Real tumor data.

clearly seethat areaspointedto by red arrows areof particularly
high uncertaintywhile thosepointedto by blue arrows arerather
certainandstrictly shaped.Figure8 visualizesa largersubvolume
of thesamedataset. Uncertaintydistribution is just asintuitive as
it is in Figure3.

8 PERFORMANCE

Oneof thenotableadvantagesof our methodis theability to useit
interactively. In orderto prove this, we conducteda seriesof per-
formancetests.Thedatafor thetestsandtheparameterswherethe
sameas the onesusedto generatethe �gures for this paper. Ta-
ble1 summarizestheresults.It shows thedatacomplexity for each
of the casesin termsof the numberof polygonsin the polygonal
modelandthenumberof pointsin thepoint-basedmodelaswell as
therunningtime complexity in termsof thetime requiredfor gen-
eratingall the primitivesandthe time requiredfor displayingthe
model. The testswereperformedon a computerrunningRedHat
Linux 6.1,with anIntel 1 GHz processor, 256Mb of memory, and
NVIDIA GeForce3graphicscard.

Figure3 correspondsto ourbasicmethod— whereonly apoint-
basedmodel is used. From Table 1 we can seethat in order to
guaranteesmoothnessin theregionsof low uncertainty(likewesee
in Figure3), wehaveto use100pointsperpolygon,whichmeansa
total of 1,853,200pints in thescene.Wheninsteadwe employ the
point-basedandpolygonalhybrid model,we obtainbettersmooth-
nessin low uncertaintyareas(seeFigure4) usingfewer pointsper
polygon— only 20 (seeTable1), which translatesinto � ve times
fewer points in total — 370,640. An additionaladvantageof the
hybrid modelis thatwe seebothwherethesurfaceis thoughto be
aswell asan ideaof how certainthat is. Comparingthe running
timesfor thetwo modelsfrom Table1 weseethatthehybrid model
is about� ve timesfasterin bothdisplayingaswell asbuilding the
primitives. Both modelsareinteractive with time to redisplaybe-
low 1 second,however the hybrid modelhasa framerateof 6.25
framespersecondwhile thebasicmodelonly 1.64framespersec-
ond(framerateis calculatedas1 over time to redisplay).

From Table 1 we seethat adding transparency to the hybrid
modelhaspracticallyno effect on the runningtime (compareen-
tries for Figure4 and5). The datasetusedfor visualizingtumor

Figure8: Sameasin Figure7 but larger volume.

Fig Polygons Density Points Display Build
1 18,532 N/A N/A 0.034 0.034
2 18,532 N/A N/A 0.034 0.033
3 18,532 100 1,853,200 0.61 5.9
4 18,532 20 370,640 0.16 1.33
5 18,532 20 370,640 0.16 1.33
6 28,088 20 561,176 0.25 2.02
7 26,486 20 529,720 0.32 2.78
8 75,248 30 2,257,440 0.89 7.2

Table 1: Running time performance for the visualization
method. The performance was measured with the data �les
usedto construct the corresponding�gur eson a computer with
Intel 1 GHz processor, 256Mb of memory, NVIDIA GeForce3
graphics card, running RedHat Linux 6.1. Column Polygons
refers to the number of polygonsin the visualization. Column
Density shows the number of points per polygon in the point-
basedmodel (N/A when point-based model absent). Column
Points contains the total number of points in the point-based
model (N/A when point-basedmodel absent). Column Display
is the is number of secondsit takesto display the entire visu-
alization (after all the calculations have beenmade). Column
Build refers to the time in secondsit takes to build the entire
visualization - i.e. to allocate the necessaryspace,run the re-
quir ed calculations and generateall the necessaryprimiti ves
(without displaying them).



ageasan extra variable(Figure6) is slightly morecomplex hav-
ing about1.5 morepointsin total thanthedatasetfor theprevious
�gures. Hence,we seea 1.5 fold increasein running time both
for displayingaswell asbuilding themodel. However, hereagain
themodelis still interactive having a framerateof 4.0 framesper
second.

As we move to the two morecomplex datasetscorresponding
to the real kidney tumor data(Figures7 and8), we get increased
runningtime proportionalto the increasein numberof points(see
Table1). Thelast,mostcomplex model,having atotalof 2,257,440
pointsis barelyinteractive with a frameratejust over 1 frameper
second.

9 CONCLUSIONS AND FUTURE WORK

In this paperwe have proposeda techniqueto visualizesurfaces
alongwith uncertaintiesassociatedwith regionsonthem.Thebasic
methodis basedon point representationandrenderingof surfaces
anddisplacingindividual pointsaccordingto uncertaintyvaluesat
thepoints.Severalenhancementsto themethodarepresented.The
introductionof an underlyingpolygonalmeshincreasesrunning
time ef�ciency by guaranteeingsmoothnessin low uncertaintyar-
easwithout the needto usea large densityof points. Addition of
transparency asoneof the parameterscontrolledin accordanceto
uncertaintyvalues,illustrationsaremademoreintuitive by making
areasof low andhighuncertaintymoreapparent.

Among theadvantagesof our approachis that it representsun-
certaintyin anon-distractingmanner. It wasshown thatuncertainty
doesnot interferewith surfacegeometryinformation,and,more-
over, it is also possibleto effectively visualizeat leastone addi-
tional variable.This makesfor a 4-dimensionaldataset,which can
beeffectively displayedusingourvisualizationtechnique.

Anotherhighlight of our methodis the fact uncertaintyis rep-
resentedin an intuitive way. Thereis no guessingasto whethera
certainregion is of highcertaintyor not. Additionally, unlike other
possibleapproaches,oursexplicitly connectsuncertaintywith the
variablewith which the uncertaintyis associated.In the datapre-
sentedhereuncertaintywas associatedwith location, however it
canpotentiallybeassociatedwith any variablein thevisualization
aslongasthisvariableis mappedontothecoordinatesof thepoints.

An additionalstrengthof our methodis that it is fastenoughto
beinteractive. This is importantfor any technique,which displays
with morethantwo dimensionsona2D medium.

In the future,we would like to experimentby addingmorepa-
rametersunderthe control of uncertaintysuchasspecularcoef�-
cientor refractive index to seeif this givesa moreintuitive look to
theareasof highandlow uncertainty.
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