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Abstract

In interactve or real-time applications,naturally the
compl«ity of tasksthat can be performedon the y
is limited. For thatreasonit is likely thatevenwith the
currentrate of developmentin graphicshardware, the
morecomple shaderswill not befeasiblein this kind
of applicationfor sometime to come.

Onesolutionto this problemseemsgo be a precom-
putationapproachwherethe procedurashadeis eval-
uated(sampled)andthe resultingvaluesare storedin
texture maps,which canthenbe appliedin interactve
rendering A closerook, however, revealsseveraltech-
nical dif culties with this approach.Thesewill bedis-
cussedn this section,andhintstowardspossiblesolu-
tionswill begiven.

1 Introduction and Problem State-
ment

In orderto comeup with anapproacHor samplingpro-
ceduralshaderswe rst have to determinewhich as-
pectsof the shadingsystemwe would like to alterin
theinteractve application.

For example,we canevaluatethe shaderfor a num-
berof surfacelocationswith x edillumination(all light
sourcepositionsandparametersre x ed),anda x ed
cameraposition. This is the modein which a normal
proceduralshadingsystemwould evaluatethe shader
for a surfacein ary given frame. If the shaderis ap-
pliedto aparametricsurface , thenwe caneval-
uatethe shaderat a numberof discretepoints ,
andstoretheresultingcolor valuesin atexture map.

In aninteractve application however, this particular
exampleis of limited usesinceboththe viewer andthe
illuminationis x ed. As a resultthe texture canonly
be usedfor exactly one frame, unlessthe materialis
completehdiffuse.In amoreinterestingscenariopnly

theilluminationis x ed,butthecameras freeto move
aroundin the scene.In this case,the shademeedsto
beevaluatedor mary differentreferenceviewing posi-
tions,andduringrealtimerenderingthetexture for ary
given viewing direction can be interpolatedfrom the
referencamages.This four-dimensionadatastructure
(2 dimensionsfor and , and 2 dimensionsfor the
cameraposition) is called a light eld, andis briey
describedn Section4.

If wewantto goonestepfurther andkeeptheillumi-
nation e xible aswell, we endup with aevenhigherdi-
mensionabdatastructure.Thereare severalwaysto do
this, but oneof the morepromisingis probablythe use
of aspace-varianBRDF, i.e. are ection modelwhose
parametergan changeover a surface. This yields an
approactwith asix-dimensionatlatastructurethatwill
beoutlinedin Section5.

No matterwhich of theseapproachess to be taken,
thereare someissuesthat have to be resolhed for all
of them. One of themis the choiceof an appropriate
resolutionfor the samplingprocess. The bestresolu-
tion depend®on mary differentfactors,someof which
dependnthesysteni.e. theamountof memoryavail-
able,or therangeof viewing distancesinderwhichthe
shadedbjectwill be seen)andsomeof whichdepend
ontheshade(i.e. theamountof detailgeneratedby the
shader).

In the caseof a 2D texture with x ed cameraand
lighting, a sampleresolutioncanstill be chosenrela-
tively easily for example, by letting the usermale a
decision. With comple view-dependeneffectsthis is
muchharderbecaussat is hardto determineappropri-
ateresolutiongor samplingspeculahighlightswhose
sharpnessnay vary over the suriace. An automatic
methodfor estimatingthe resolutionwould be highly
desirable.

Anotherproblemis thesheemumberof sampleghat
we may have to acquire. For example,to samplea
shaderas a spacevariant BRDF with a resolutionof



for thesurfaceparameters and , aswell as
sampledor boththelight directionandtheviewing
directionrequiresover 68 billion sampleswhichis un-
feasiblebothin termsof memoryconsumptiorandthe
time requiredto acquirethesesamples. On the other
hand,it is to beexpectedhatthe shaderfunctionis rel-
atively smoothwith thehigh-frequeng detaillocalized
in certaincombinationof viewing andlight directions
(speculahighlights,for example).Thus,ahierarchical
samplingschemas desirablewvhich allows usto re ne
the samplingin areasthat are more comple without
having to doahigh-densitysamplingn all areas At the
samdimethehierarchicamethodshouldmale surewe
do not missouton ary importantfeatures.Suchanap-
proachis describedn the next section.

2 Area Sampling of Procedural
Shaders

In this sectionwe introducethe conceptof area sam-
pling aprocedurashadeusingaacertainkind of arith-
metic that replacesthe standard oating point arith-
metic. This afne arithmetic allows us to evaluatea
shadewoverawholeareayieldinganupperandalower
boundfor all the valuesthat the shadertakes on over
thisarea.This boundcanthenbeusedhierarchicallyto
re ne thesamplingin areasn which the upperandthe
lowerboundarefarapart(i.e. areaswith alot of detail).
Thefull detailsof themethodcanbefoundin [10].

We will discussthe generalapproachin terms of
samplinga 2D texture by evaluating a shaderwith
a x ed cameraposition and illumination. The same
methodscan however be appliedto adaptvely adjust
the samplingratesfor cameraandlight position.

2.1 Afne Arithmetic

Af ne arithmetic (AA), rst introducedin [4], is an
extensionof intenval arithmetic[16]. It hasbeensuc-
cessfullyappliedto severalproblemsfor whichintenal
arithmetichadbeenusedbefore[17, 20, 21]. Thisin-
cludesreliable intersectiontestsof rays with implicit
surfaces,and recursve enumeration®f implicit sur
facesn quad-tredik e structureg5, 6].

Like interval arithmetic,AA canbe usedto manip-
ulateimprecisevalues,andto evaluatefunctionsover
intenals. It is alsopossibleto keeptrack of truncation
andround-of errors.In contrasto intenal arithmetic,

AA also maintainsdependenciebetweenthe sources
of error and thus manageso computesigni cantly
tightererrorbounds Detailedcomparisongetweerin-
tenal arithmeticandaf ne arithmeticcanbe foundin
[4], [5], and[6].

Af ne arithmetic operateson quantitiesknovn as
afne forms given aspolynomialsof degreeonein a
setof noisesymbols .

Thecoefcients areknownrealvalueswhile theval-
uesof the noisesymbolsare unknavn, but limited to
the interval . Thus,if all noisesymbols
canindependentlyarybetween and , therangeof
possiblevaluesof anafne form is

Computingwith afne formsis a matterof replac-
ing eachelementaryoperation on real numbers
with an analogousoperation
onafne forms.

If isitself anafne function of its amgumentswe
canapplynormalpolynomialarithmeticto nd thecor
respondingperation . For examplewe get

for af ne forms andrealvalues .

3 Non-Afne Operations

If isnotanafne operationthe correspondindgunc-
tion cannotbe exactly representedsa
linear polynomialin the . In this caseit is necessary
to nd anafne function

approximating aswell aspos-
sibleover . An additionalnew noisesymbol has
to beaddedo representheerrorintroducedby thisap-
proximation. This yieldsthe following af ne form for
theoperation

with . The coefcient of the new
noise symbol hasto be an upperboundfor the error
introducedby theapproximatiorof  with
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For exampleit turnsout (see[4] for details)thata
goodapproximatiorfor the multiplicationof two af ne
forms and is

with and . In generalthe
bestapproximation of  minimizesthe Chebyshe
errorbetweerthetwo functions.

Thegeneratiorof af ne approximationgor mostof
the functionsin the standardmathlibrary is relatively
straightforvard. For aunivariatefunction , theiso-
surfacesof
arehyperplanesf  thatareperpendiculato thevec-
tor . Sincetheiso-surhicesof every af ne
function are
also hyperplane®f this spacei|t is clearthatthe iso-
surfacesof the bestaf ne approximation of are
alsoperpendiculato . Thus,we have

for someconstants and . Asaconsequencéhemin-
imum of is obtainedby minimizing

where istheinternval . Thus,approximating
hasbeenreducedo nding alinearChebyshe approx-
imation for a univariatefunction, which is a well un-
derstoodproblem[3]. For a more detailediscussion,
see[10].

Most multivariatefunctionscanhandledby reducing
themto a compositionof univariatefunctions. For ex-
ample,the maximumof two numberscanbe rewritten
as , with

. Fortheunivariatefunction
usetheabove scheme.

wecan

3.1 Application to Procedural Shaders

In orderto apply AA to proceduralkhadersit is nec-
essanyto investigatewhich additionalfeaturesare pro-

vided by shadinglanguagesin comparisonto stan-
dard mathlibraries. In the following, we will restrict
ourselhesto the functionality of the RenderMarshad-
ing languagd9, 18, 22], which is generallyagreedto

be one of the most e xible languagedor procedural
shadersSinceits featuresarea supersebf mostother
shadinglanguagegfor example[2] and[15]), the de-
scribedconceptapplyto theseotherlanguagesswell.

Shadinglanguagesusually introducea set of spe-
ci ¢ datatypesandfunctionsexceedinghefunctional-
ity of generapurposdanguagesndlibraries. Most of
theseadditionalfunctionscan easily be approximated
by af ne formsusingtechniquesimilarto theonesout-
linedin the previous section.Exampledor this kind of
domainspeci ¢ functionsare continuousand discon-
tinuoustransitionshetweenwo values,like stepfunc-
tions,clampingof avalueto anintenal, or smoothHer-
mite interpolationbetweertwo values.

The more complicated features include splines,
pseudo-randonmoise, and derivatives of expressions.
For anin-depthdiscussiorof thesefunctionswe refer
thereaderto the original paper{10].

New datatypesin the RenderMarshadinglanguage
arepointsandcolor values,both simply beingvectors
of scalarvalues. Af ne approximationf the typical
operation®on thesedatatypes(sum,difference scalar
, dot- and crossproduct,aswell asthe vector norm)
caneasilybeimplementedasedn the primitive oper
ationsonafne forms.

Every shadelin the RenderMarshadinganguagéds
suppliedwith a setof explicit, shaderspeci ¢ parame-
tersthatmay be linearly interpolatedover the surface,
aswell as x edsetof implicit parametergglobal vari-
ables). Theimplicit parametersncludethelocationof
the samplepoint, the normalandtangentsn this point,
aswell asvectorspointingtowardstheeye andthelight
sourcesFor parametrisurfacesthesevaluesarefunc-
tions of the surfaceparameters and , aswell asthe
sizeof thesampleregion in the parametedomain:
and

For parametric surfaces including all geometric
primitives de ned by the RenderManstandard,the
explicit and implicit shaderparametersan therefore
be computedby evaluatingthe correspondindunction
overtheafne formsfor , , ,and . Theafne
forms of thesefour valueshave to be computedfrom
thesampleregion in parametespace For mary appli-

cations, and will actuallyberealvaluesonwhich
theafne formsof and depend:
and

With this mformatlon we cansetup a hierarchical
samplingschemeasfollows. Theshaderis rst evalu-
atedoverthewhole parametedomain(

). If theresultingupperandlower
boundof theshademretoo different,theparametedo-
mainis hierarchicallysubdvidedinto four regions,and
areasampledor theseregionsare computed. The re-



cursionstopswhen the differencebetweenupperand
lower bound(error) is belov a certainlimit, or if the
maximumsubdyvision level is reached.Resultsof this
approachogetherwith an error plot aregivenin Fig-
urel.

3.2 Analysis

In our descriptionwe usesafne arithmeticto obtain
conserative boundsfor shadervaluesover a param-
eterrange. In principle, we could alsouseary other
rangeanalysismethodfor this purpose.lt is, however,
importantthatthe methodgeneratesight, conserative
boundsfor the shader Conserative boundsareimpor
tant to not miss ary small detail, while tight bounds
reducethe numberof subdvisions, andthereforesave
bothcomputatiortime andmemaory

We have performedteststo compareintenal arith-
meticto af ne arithmeticfor the speci ¢ applicationof
proceduralshaders.Our resultsshav thatthe bounds
producedby intenal arithmeticaresigni cantly wider
than the boundsproducedby afne arithmetic. Fig-
ure 2 shavsthewoodshadesampledat aresolutionof

. Theerrorplotsshav thatinterval arithmetic
yieldserrorsupto in areasvhereaf ne arithmetic
produceserrorsbelov . As a consequencehe
texturesgeneratedrom this databy assigninghemean
valuesof the computedrangeto eachpixel, reveal se-
vereartifactsin the caseof interval arithmetic.

Thecorrespondingrrorhistogramn Figure3 shavs
that, while the most of the perpixel errorsfor af ne
arithmeticarearelessthan 3%, mostof the errorsfor
intenal arithmeticarein the rangeof 5%-10%,anda
signi cant numberis evenhigherthanthis (upto 50%).

Theseresultsarenot surprising.All the expressions
computedoy a procedurakhadeidependon four input
parameters:, , ,and . Af ne arithmetickeeps
trackof mostof thesesubtledependenciesyhile inter
val arithmeticignoreshemcompletely Themorecom-
plicatedfunctionsget,the moredependencieketween
the sourcesf errorexist, andthe biggerthe advantage
of AA. Theseresultsare consistentwith prior studies
publishedn [4], [5], and[6].

Theboundsf bothaf ne andinterval arithmeticcan
befurtherimprovedby nding optimalapproximations
for larger blocks of code,insteadof just library func-
tions. This processhowever, requireshumaninterven-
tion andcannotbe doneautomatically

This leaves us with the method presentechere as
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the only practicalchoice, aslong as conserative er-
ror boundsarerequired. Otherapplicationsfor which
an estimateof the boundsis sufcient, couldalsouse
Monte Carlo sampling. In this caseit is interestingto
analyzehenumberof Monte Carlosamplesandthere-
sulting quality of the estimatethat can be obtainedin
the sametime as a single areasampleusing AA. Ta-
ble 1 shavs a comparisorof thesenumberdn termsof
oating point operationd FLOPS)and executiontime
(on a 100MHz R4000Indigo) for the variousshaders
usedthroughouthis paper

For more complicatedshadersthe relative perfor
manceof AA decreasesincemoreerrorvariablesare
introduceddueto the increasedamountof non-afne
operations. The table shavs that, dependingon the
shader5 to 10 point samplesareasexpensve asa sin-
gle AA areasample. To seewhat this meansfor the
quality of theboundsgconsidetthescreershadewith a
densityof . Thedensityof = meanghat75percent
of the shademwill be opaquewhile 25 percentwill be
translucent.If we take 7 point samplesof this shader
whichis aboutasexpensve asasingleAA samplethe
probability thatall samplescomputethe sameopacity
is percentEvenwith 10 samples
the probabilityis still percent.

For the exampleof usingareasamplesasa subdvi-
sioncriterionin hierarchicaradiosity thismeanghata
wall coveredwith thescreershademwould have aprob-
ability of 13.4(or 5.6) percentof not beingsubdvided
atall. Thesameprobabilityappliesto eachlevel in the
subdvision hierarchyindependently Thesenumbers
indicatethat AA is superiorto point samplingeven if
only coarseestimate®f the errorboundsaredesired.

4 Light Fields

Let usnow considerhow the methodcanbe usedin a
scenariawith avaryingcamerdocation,but x edillu-
mination. This is somevhatspeculatie, becausét has
never actuallybeentried. It is thereforeto be expected
thatin practicalimplementationsomenew issueswill
arisethatwill have to beresohedin futureresearch.

Beforewe outlineanapproactor adaptvely acquir
ing light elds from proceduralshaderswe will rst
review theconcepbf alight eld itself.



Figure 1. Several examplesof RenderManshadeampleswith afne arithmetic. Left: perpixel error bounds,
center.generatedexture,right: texture appliedto 3D geometry

Figure 2: The wood shadersampledat a resolutionof . From left to right: error plot usingintenal
arithmetic,resultingtexture, errorplot usingaf ne arithmetic,resultingtexture.
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Figure3: Error histogramdor thewoodshaderfor intenal arithmetic(left) andaf ne arithmetic(right).

Shader FLOPS(ps) FLOPS(aa) | ratio Time (ps) Time (aa) | ratio
screen 24 214 | 1:8.92 4.57 33.48| 1:7.32
wood 803 6738 | 1:8.39 8.34 86.53 | 1:10.38
marble 4386 28812 1:6.57 9.46 88.52 | 1:9.36
bumpmap 59 487 | 1:8.25 3.76 20.43| 1:5.43
eroded 2995 26984 | 1:9.01 18.85 193.33| 1:10.27

Tablel: FLOPSpersampleandtimingsfor 4096samplesfor stochastigpointsampling(ps)andAA areasampling

(aa).

4.1 De nition

A light eld[13] is a5-dimensionafunctiondescribing
the radianceat every point in spacein eachdirection.
It is closelyrelatedto the plenopticfunctionintroduced
by Adelson[], which in additionto location and ori-
entationalso describeghe wavelengthdependengc of
light.

In the caseof a scenghatis only to be viewed from
outsidea corvex hull, it is sufcient to know whatra-
dianceleaves eachpoint on the surface of this con-
vex hull in ary given direction. Sincethe spaceout-
sidethe corvex is assumedo be empty andradiance
doesnot changealong a ray in empty space,the di-
mensionalityof the light eld canbe reducedby one,
if an appropriateparameterizations found. The so-
calledtwo-planeparameterizatiorul lls this require-
ment.It representaray via its intersectiorpointswith
two parallel planes. Several of thesepairs of planes
(alsocalledslabg arerequiredto represenacomplete
hull of the object. Sinceeachof thesepointsis char
acterizedby two parameterin the plane this resultsin
a 4-dimensionafunction that canbe denselysampled
througharegulargrid on eachplane(seeFigure4).

Oneusefulpropertyof the two-planeparameteriza-

/

\(u,v) plane

aSahy
[ [N/

AT
[ [t

\

(s,t) plane

Figure4: A light eld is a 2-dimensionahrrayof im-
agestaken from a regular grid of eye points on the

-planethroughawindow onthe -plane.The
two planesareparallel,andthewindow is the samefor
all eye points.

tionis thatall therayspassinghroughasinglepointon
the -planeform a perspectie imageof the scene,
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with the point being the centerof projection.
Thus,alight eld canbe considerech 2-dimensional
array of perspectie projectionswith eye pointsregu-

larly spacednthe -plane.Otherpropertieof this

parameterizatiohave beendiscussedh detailby Guet

al.[8].

Sincewe assumehatthe samplingis densethera-
diancealongan arbitrary ray passingthroughthe two
planescanbeinterpolatedrom theknown radianceval-
uesin nearbygrid points.Eachsuchray passeshrough
oneof thegrid cellsonthe -planeandoneon the

-plane.Theseareboundedby four grid pointson
the respectie plane,andthe radiancefrom ary of the

-pointsto ary of the -pointsis storedin the
datastructure Thismakesfor atotal of 16 radianceval-
ues,fromwhichtheradiancealongtheray canbeinter
polatedquadri-linearly As shovn in by Gortleretal[7]
andSloanetal.[19], thisalgorithmcanbeconsiderably
spedup by the useof texture mappinghardware. Sloan
etal.[19 alsoproposeageneralizediersionof thetwo-
planeparameterizatiorin which the eye pointscanbe
distributedunevenly onthe -plane,while the sam-
plesonthe -planeremainon aregulargrid.

A relateddatastructureis the surfacelight eld [14,
23], in which two of the four parameter®f the light

eld areattachedo the surfaceparametersThatis,
and correspondo theparametersf aparametricsur
face,while and specifythe viewing direction. The
detailsof thedifferentvariantsof surfacelight elds are
beyondthescopeof thisdocumentandwereferthein-
terestedeaderto theoriginal paperd14, 23].

4.2 Sampling of Light Fields

The samplingmethodfrom Section3.1 canbe adapted
to theadaptve samplingof light elds from procedural
shadersin additionto computingboundsor theshader
over a large parametedomainthat we thenadaptvely
re ne, we now alsocomputeboundsover a continuum
of camerapositions. For example,we canstartwith a
large boundingbox specifyingall possiblecamergpo-
sitions,andthenadaptvely re ne it. Or, in the caseof
a two-planeparameterizedight eld, we couldde ne
therangeof camergoositionsasarectangularegionon
thecamergplane.

It is not clear at this point how the acquiredhier
archicallight eld canbe useddirectly for rendering
in interactve applications.However, a regularly sam-
pledtwo-planeparameterizetight eld is easyto gen-
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eratefrom the hierarchicalone by interpolation. This
approachdoesnot resohe therelatively large memory
requirement®f light elds, but it shoulddramatically
reducetheacquisitiontime.

5 Space Variant BRDFs

The situation gets even more complex whenwe also
want to allow for changesin the illumination. The
mostreasonablepproachfor dealingwith this situa-
tion seemdo be storingare ection model(BRDF) for
everypointontheobject. Thatis, insteacbf precomput-
ing theshadefor all possibldighting situationgwhich
would requireevenmorespace)we only determindghe
BRDF at every surfacelocation (i.e. a space-variant
BRDF by consideringhe effect of a singledirectional
light sourcewhich canbe pointing at the objectfrom
ary direction.

As mentionedin the introduction, a space-ariant
BRDFis asix-dimensionafunction,andkeepinga six-
dimensionaltableis prohibitive in size. Therefore,a
different representatiorhasto be found. Again, we
shouldbeableto useAAto generatarelatively sparse,
adaptve samplingof theshaderwhichis, however, not
well suitedfor interactve rendering.

Ontheotherhand,the graphicshardwareis becom-
ing moreandmore e xible, sothatit is now possible
to rendercertain simple re ection modelswhere the
parameter®f the modelcanbe varied acrossthe sur
face[11]. This yieldsalimited form of space-ariant
BRDF, wherethe BRDF actuallyconformsto a single
analyticalre ection model, but its parametercanbe
texture-mappedind canthereforevary acrossthe sur
face.

Unfortunately the re ection models considered
in [11] are not yet complex enoughto captureall the
effects that a proceduralshadermay produce. Other
modelsthat provide a generalpurposebasisfor arbi-
trary effectsdo exist [12], butit is currentlyno possible
to renderthemin hardwarewith space-ariantparame-
ters.

Oncewe have found a re ection modelthatis ex-
pressie enoughfor our purposesandcanbe rendered
in hardware,westill have to determinets parameters
every point of the objectfrom the hierarchicalsamples
acquiredwith the adaptve samplingapproach. This,
again,is anopenresearctproblem.



6 Conclusion

In this sectionwe have raisedsomeissuesregarding
the samplingof complex proceduralshadersasa pre-
processingtepfor interactve rendering We wereable
to describea hierarchicalsamplingschemethat adap-
tively determinesan appropriatesamplingresolution
for different parts of the shader The applicationof
this methodto determiningview-dependeninforma-
tion from a shaderin sucha way thatit is efcient to
usein interactve applicationds anopenproblem. We
wereableto identify someissuesarisingwith this sub-
ject, and hinted towards some possiblesolutions, but
moreresearchwill have to be donefor a completeso-
lution.
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