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1. HOMEWORK 3 SOLUTIONS

Below are the solutions to the problems given in Homework 3. These problems
can be found in the class handout [1].

2. PROBLEM 2.3.7 ON PAGE 75 OF HANDOUT

Solve the following recursion using the charateristic equation method:

T(n) =2T(n/2) 4+ lgn, for n > 2
{ T(1)=1

Let n =2™. Hence, m =1gn. Thus,

T(2m) =2T (2"7') +m
Let S(M) =T (2™). Thus,

S(m)=28(m—1)+m
Thus, we need to solve the inhomogeneous recursion

S(m) —2(m —1) = p(m)b™ ,
where p(m) = m, and b = 1. So the charactersitic equation of this inhomogeneous
system is
(z—2)(z—1)>=0
with roots
1,1,2
Therefore,
Sm)=c1-1"+co-m-1"4c3-2™ =c1 + com+ ¢c32™

We now find the constants c;, c2, c3 using the following boundary conditions:
S0)=T (20) =T(1)=1
S(1)=25(1-1)41=3
S(2)=25(2-1)+2=38
Hence, we need to solve the linear system
c1 +c3=1=5(0)
1+ ¢+ 2c3 :325(1)
c1+2co +4c3 =8 = 5(2)
1
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The solution to this linear sytem is
cp=—1,co=—-1,¢c3=3
Thus,
T2™) =8Sm)=-2-m+3-2™
Since m = lgn <= n = 2", we have

T(n)=-2—-1lgn+3n=0(n)

3. PROBLEM 2.3.9 ON PAGE 76 OF HANDOUT

Solve the following recursion using the charateristic equation method:

tn =th—1+ln—3 —tn-ua, fOI‘TLZ4
th=n,for0<n<3

The characteristic equation of the homogeneous recursion
th —th1 —tn3+tha= 0
is
pla)=a' -2 —z4+1=(z—1)° (®+x+1)=0.
The roots of this system are

—1+iVv3 —1-iV3

1
’ 2 2

1

)

From the equilateral triangle

= 2

NE)

wl3 wl3
1 1

We know that cos(m/3) = Zand sin(7/3) = 3? Hence, e'™/3 = 5%@ and
eim/3 = —1_5‘/5. Thus,

—1 ‘;Z\/g — _min/3 _ gin | g—im/3 _ 2mif3
and
L=V s
2
Thus, 7 = €2™/3 = *—l“gﬂ@ and 72 = e 27/3 = *1;21@ are 3rd roots of unity, and
it can be easily verivied that 72 +7 + 1 = 0.

eim . 6177/3 _ 6471'1/3 _ 67271'1/3
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This the roots of the charateristic equation are
1.1, 7= e2mi/3 72 _ =1 _ ,—2mi/3
Hence,

tn:C1'1n+C2'7’L'1n+Cg"T”+C4'T7n:Cl+CQ7’L+Cng+C4T7n

We now determine the constants ¢y, ca, c3, ¢4 with the boundary conditions by

solving the following linear sytem of equations

c1 +c3 +cg =0=ty

1 +eatest +ari=1=1t

143+l +aur =2=t

c1+3ceot+ec3 +ecg =3=t3
where we have used the fact that 73 = 1 = 773.  The solution to this system of
linear equations is

cp=c3=c4=0 and cy=1.
Thus,

t,=0+1-n+0-7"4+0-77"=n=06(n) .

4. PROBLEM 2.3.10 ON PAGE 76 OF HANDOUT

Solve the following recursion using the charateristic equation method:

{ T(n) = 5T (n/2) + (nlgn)® , for n > 2
T1)=1

Let n =2™. Hence, m =1gn. Thus,
T(2m) =51 (2"71) + (2™ 1g2™)?

Let S(M) =T (2™). Thus,

S(m) =5S(m — 1) + m24™
Thus, we need to solve the inhomogeneous recursion

S(m) —5(m —1) =p(m)b"™ ,
where p(m) = m?, and b = 4. So the charactersitic equation of this inhomogeneous
system is

(z—5)(z—4)°=0
with roots
4,4,4,5

Hence,
S(m):c1-4m+cz-m-4m+C3-m2-4m+C4-5m.

We now find the constants ¢y, co, c3, ¢4 using the following boundary conditions:
SO0)=T (20) =T1)=1

=550)+12-4'=5+5=9

(1) +22-42=5-9+64 =109

S(1)
5(2) =55(1
S(3) =55(2) +3%-43=5-109+9 - 64 = 545 + 576 = 1121
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Hence, we need to solve the linear system
C1 +cq = 1= S(O)
4c1 + 4deo +4c3  +5Hey = 9= S(l)
16c1 +32co  +64c3 4+ 25¢c4 = 109 = S(2)
64c1 + 192¢o + 576¢3 + 125¢4 = 1121 = S(3)
The solution to this linear sytem is
C1 = —180, Coy = —40, C3 = —4, Cq = 181
Thus, the solution to the recursion is
S(m) = —180-4™ —40-m -4™ —4-m?-4™ +181-5™ = O (5™)
Since
5™ — 51gn _ 2(1g 5)(1gn) _ nlg5

)

the solution to the original recursion is

T(n) = © (n's%)
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