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In any space, the number of linearly independent vectors that
span the space is called the dimension of the space. A set of n
linearly independent vectors spanning an n-dimensional vector
space is called a basis of the space. It follows from Theorem 2.7
that every set of more than n vectors in an n-dimensional vector
space is linearly dependent. It follows from Theorem 2.6 that no
set of fewer than n vectors can span an n-dimensional space.

Theorem 2.8. If V is an n-dimensional vector space, any
set of n linearly independent vectors in V is a basis for V.

Proof: Let v, , vz , ..., vy be a set of linearly independent
vectors in V . If they do not span V , there must be some vector
v in V thatis not a linear combination of vy , vz , ..., Vv
Then the set v, v , V2 , ..., vy of n+ 1 vectorsin V is

linearly independent. This contradicts Theorem 2.6, and therefore
Vi, V2 ,..., Vp must span V

QED

Theorem 2.9. If a vector space V; is contained in a vectox
space Vz and they have the same dimension n , they are
equal.

Proof: A basis for V, is a set of n linearly independent
vectors in V; . Therefore every vector in V, is alsoin V; .
QED

An inner product or dot product of two n-tuples is a scalar and
is defined as follows:
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It is easily verified that u - v =v . u and that w . {u +v) =
w . u+w-. v . Ifthe inner product of two vectors is zero, they
are said to be orthogonal,

2. 6. Matrices

The purpose of this section is to outline the parts of matrix
theory that apply to the codes studied in the next three chapters.
For the most part, proofs are given, but this can hardly serve
as more than a review of the necessary parts of matrix theory.

An n X m matrix is an ordered set of nm elements in a
rectangular array of n rows and m columns:
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The elements of a matrix may in general be elements of any ring,
but in this book only matrices with elements in a field find appli-
cation. The n rows may be thought of as n m-tuples or vectors,
and similarly, the m columns may be thought of as vectors.

The set of elements aj; for which the column number and row
number are equal is called the main diagonal.

The row space of an n X m matrix M is the set of all linear com-
binations of row vectors of M . They form a subspace of the vec-
tor space of m-tuples. The dimension of the row space is called
the row rank. Similarly, the set of all linear combinations of
column vectors of the matrix forms the column space, whose
dimension is called the column rank.

There is a set of elementary row operations defined for matrices:

1. Interchange of any two rows.
2. Multiplication of any row by a nonzero field element.
3. Addition of any multiple of one row to another.

The inverse of each elementary row operation is clearly an ele-
mentary row operation of the same kind.

Theorem 2. 10. If one matrix is obtained from another by a
succession of elementary operations, both matrices have the
same row space.

Proof: If the theorem is true for each elementary row operation,
it will ci’{.early be true for a succession, It is obviously true of
row operations 1 and 2. Suppose that the matrix M' is obtained
from the matrix M by type 3 elementary row operation. Then,
since the altered row of M' is a linear combination of two rows
of M , any linear combination of rows of M' is also a linear
combination of rows of M , so the row space of M' is contained
in the row space of M . But M can be obtained from M' by the
inverse operation, which is again an operation of type 3, so the
row space of M must be contained in the row space of M" .
Therefore they are equal.

QED

Elementary row operations can be used to simplify a matrix
and put it in a standard form. The form, called echelon canonical
form, is as follows:

1. Every leading term of a nonzero row is 1.

2. Every column containing such a leading term has all its
other entries zero.

3. The leading term of any row is to the right of the leading
term in every preceding row. All zero rows are below all
nonzero rows,

The procedure is essentially the same as that used in solving
linear equations by elimination of one variable at a time. It is
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best illustrated by an example. Consider the following matrix
with real numbers as elements:

f o2 2 0 2

2 2.6 8 4
I 4. 5 & 2
1 1 3 4 2

=l wn

To simplify the matrix, the first step would be to locate the first
column with a nonzero element, interchange rows if necessary to
place a nonzero element in the first row, and multiply the row by
the inverse of that element to give a leading 1. Interchanging
rows 1 and 2 and dividing by 2 give

I 1 3 4 2 4
9 Oy 2 & 0 &
L e A
1 1. 3 & 2 7

The next step is to subtract a multiple of the first row from each
other row to make the rest of the column corresponding to the
leading element in the first row 0 :

T 4 3 4 B 4

0o 0 2 2 0 2
a0 2 & 0F il
g 0 00 40 O 3

Then, with disregard of the first row, again the first column with
a nonzero element is located, and rows are interchanged if nec-
essary to place a nonzero element in this column in the second
row. The row is next multiplied by the inverse of its leading ele-
ment to give a leading 1 . This is accomplished in the above
matrix by dividing the second row by 2 . Then the appropriate
multiple of this row is subtracted from each other row to make all
the other entries 0 in the column of the leading element of the o
second row, This yields

7 [N U0 R 3 ¢

o 0 1 1 0 1
0 0 0 0 0 -1
0l W | 9 O 3

One more step in the process yields
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I 1 9 1 2 0
9 1. 4 0 0
0 0 0 0

0 0 0 0 O

1

[ ST o FE o }

This process will always result in a matrix in echelon canonical
form.

The nonzero rows of a matrix in echelon canonical form are
linearly independent, and thus the number of nonzero rows is the
dimension of the row space. It can be shown that there is only one
matrix in echelon canonical form for any given row space.

If all the rows of an n X n matrix are linearly independent, the
matrix is said to be nonsingular. When such a matrix is put in
echelon canonical form, there must still be n linearly independent
rows, and thus every row must contain a 1. This can gccur only
if it has 1's on the main diagonal and 0's elsewhere. Such a
matrix is called an identity matrix and denoted I . Thus any non-
singular matrix can be transformed into an identity matrix by ele-
mentary row operations,

The transpose of an n X m matrix M isan mXn matrix,
denoted MT , whose rows are the columns of M , and thus whose
columns are the rows of M . The transpose of [25;] is [2:5] .

Two n Xm matrices can be added, element by el']ement:

[aij] + [bijJ = [aij ]

With this definition it is easily verified that matrices form an
Abelian group under addition.

An n Xk matrix {aij] and a2 k Xm matrix [b;;] can be mul-
tiplied to give an n X m product matrix [Cij] by tfle rule

k

o Z 0
=1 -

It can be verified by direct calculation that with this definition
matrix multiplication satisfies the associative law, and multiplica-
tion and addition satisfy the distributive law.

The element c;. of the product is the inner product of the ith
row of [a.i-] by the jth column of [bij] . Also the ith row
vector of tﬂxe product [cj;] is a linear combination of the row
vectors of {bp_j] with the coefficient a;p on the ﬂth row. Simi-
larly the columns of the product are linear combinations of the
column vectors of [a'i.ﬁ'] ;

Multiplying an n X m matrix M on the left by a matrix P that
has one 1 in each row and each column and all the rest of the ele-
ments 0 simply permutes the rows of the matrix M , and any



