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APPENDIX [

— o

Let r;; and €;; be the ¢,j-th entry of matrix Ry, and RTR, respectively. Each Tij 18
independent and identically chosen from N(0,0,). Now let us prove Ele; ;] = ko?, Varle;;] =
2kor, Vi, and Ele; ;] = 0, Varle; ;) = ko, Vi, j,1 # j.
Proof: Note that €;; = Zle r7; and €; = Zle Tirej, © # J, we have Ele;;] =

B ] = kE[rE)] = ko? and Eygjleis] = B2 roareg] = Yoy Elrereg] = Yoi Elrei Elreg] =
0.

To obtain the variance of €;;, we first compute E[e;| = E >k Thit Y ptai<pack Toilail =
kE[r}] + k(k — 1)E[r} |E[r? ] = 3ko; + k(k — 1)o} = (2k + k*)o;. The second to the last
equation in the above is based on the fact that E[r};] = 30 for random variable r,; ~ N (0, o,)°.
Therefore, Varle;;] = Ele2;] — (Elei;])? = 2kop. Similarly, Eizjlel;] = Eig[> b 1708, +

P R N k 2 2 - 4 e ] = 4
Zp;ﬁq,1§p,q§k Tpilp,iTaiTa,d] = KED - 17571 5] + 0 = koy, hence, Varig;[e; ;] = koy. u

APPENDIX II

Lemma 5.5: Let x, y be two data vectors in R™. Let R be a k£ x m dimensional random
matrix. Each entry of the random matrix is independent and identically chosen from Gaussian
distribution with mean zero variance o2. Further let

1 1
Rz, and v =
Vko, Vko,
Eu'v—2zty] = 0

Varfu'v—aty] = %(Z 7 ny + (Z z:i)°)

In particular, if both 2 and y are normalized to unity, Y. 27>, y? =1 and (3, z;1:)* < 1. We

U= Ry , then

have the upper bound of the variance as follows:

Var[ulv —zty] <

I

Shttp://mathworld.wolfram.com/NormalDistribution.html
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Proof: Using Lemma 5.2, the expectation of projection distortion is

1
Eu®v —2ty] = E[W:cTRTRy — zTy]
1
= @x TER"Rly — 2"y

= —2k0 2Ty —aly

ko
= 0

To compute the variance of the distortion, let us first express the inner product between the
projected vectors as
1 1
wlv = ' RT

Vko, Vko,

1TT
:k2 R Ry

= ]{30'2 szez Y + Zx €; Jy]

Z#J
= o? Zx €iiYi + Zx €i Y5
it
Denote lc}TE > xi€iy; as @ and ﬁ > izj Ticigyj as V. Then Var[u™v] = Var[®] + Var[¥] +
2Cov|®, ¥|.
Now let us compute Cov|®, ¥].

Ry

Cov[®,¥] = E[®V]— E[D|E[V]
Since Ele; ;| =0 Vi, j,i # j, so E[¥] = 0. Hence,
Cov[®,V] = E[@lll] -0

= k20'4 E xzezzszE xpe;uqu

pEq

It is straightforward to verify that Ee; ¢, ,] = 0 when p # ¢. So Cov|®, ¥| = 0.
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The variance of ® is

Since Ele;s| = ko?, Ele},] =

Var|®|

Var[®] =

The variance of WV is

Var|¥|

1
VCLT{@ Z l’zﬁuyz]

1
iZot v W[Z Ti€i3Yi)
]{520'4 Z Ti€q zyz Z i€ Zyz
k204 Z Ly €, TiVi T Z TpYp€ppTaYq€ayq)

p#q
- E[Z «szuyz])2)
i

(2k + k*)or and Ele, peq 4] = Kok, we have

)o, Z%Qyz? + prypquq — (Z T5y;)*
¢ i

p#q

2
(E +1) Zx?yf + pryp$qu - (Z ajiyi)Q

pE£q

Ve
k204‘ ar| E Zi€; Y5

7]

t#y t;ﬁy
k2 04 Z Litij yJ

i#]

zyJ'prq Emép (I]

#J p#q

Since Ele; jepq| = 0 unless ¢ = p and j = ¢, or ¢ = ¢ and j = p. Therefore,

June 23, 2005

Var[¥] =

B+ S ) Bl
T it 2]

k204 Z Zyy + Z%y’ZnyJ

( J# J#i

E(Z DR IEATRLO DD DTS
LS g+ (e - 23 )
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Thus,
Var[u™v] = Var[®]+ Var[¥]+0
2
= (E +1) fo?lf + prypa:qu - (Z ziy)”
i p#q ¢
1 . . . o o«
= O Y i+ QO ww) —2 ) aly))
+ Z.’L‘pypquq - (Z 'Lzyz)Q)
p#q i
1
- M (S
This gives the final result Var[ulv — a%y] = O, 27 >, 47 + (3, zawi)?). "
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