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GIHKJML-NOLQPSRUTVL-N#RWPYXOL�Z\[.]M^`_WacbdTOXVL*L�N�Lfe1g!RihSPMZYRWPkj�JM_UgSTOL*Xml*ndRUoDprqsPtTVXOR1Z1hMafTOu`RiPvTOR
w ^`xiRWXOuyTOJMz�N-{ |=HKJMRiz�_iN~}��!j�RiXVz�L*P�{!j�J�_UXV^yL�N~���S��L-u`NOL*XcNORiP�{S_iPMZD�~RiPM_i^`Z������~uy�WL-NrT-{
� q�Hk��XVL-NVN*{�l��i�W�S� �
� �~L�Z\[�]S^`_Wacb3TVXOL-L-N�_UXVLm]Su`PM_iXO�YNrL�_UXcacJYTOXVL*L�N��~uyTOJ�_3z�RiXVLmXVL*^�_+e1L-ZYPSRiTOu`RiP�Rio]M_i^`_iPMafL�TOJ�_UP w�� �%TOXVL*L-N-�
� qsP�_�XVL-Z\[�]S^�_iacb=TOXVL*LW{\PSRFg�_+TOJ�o�XORWz�_�PSR1Z1L���TVRF_F^yL�_+o�u�N�z�RiXVL�TOJ�_UP#T��~u�afL�_iN

^`RiPSx�_iN~_iP\��RUTOJML*X�G�gMXOR+�WL-Z(uyPQHKJSL-RiXVL*z��S�
�(  RiX¡_(XOL�Z\[�]S^`_Wacb�TOXVL*L=RUo�¢�PSR1Z1L-N�_iPMZBJSL-uyxWJtT�£�{¤£¦¥§��^yx!G�¢�¨©l��FG�gSXVR+�iL�ZBu`PHKJSL-RiXVL*z�n\�ª�

«
¬�­t®°¯°±�²�±I³!¯µ´ w XOL�Z\[.]M^`_WacbFTVXOL-L¶u�NK_�]Su`PM_iXO�#NOL-_iXVacJ�TVXOL-L¶�~uyTOJ(TOJSL¶o�Ri^`^`R+�~uyPSx�_iZMZ1u·[
TOu`RiP�_U^�gSXVRig!L*XOTOu`L-N ´
lW�K�µ�iL-XO��PSR1Z1L¡u�NKL*uyTOJML*X�XVL-Z(RiX~]S^�_iacb��
�S�K��_iacJ�¸W¹Sº\º�g!Riu`PtTOL*X~u�N~afRWPMNOu`Z1L-XOL�Z#TVR�]�L�_�]S^�_iacb�PMR\ZSLi�
�M��q�o&_=PSR1Z1L¡u�N~XOL�Z�{\TOJML*P¦»c¼+½�¾FRUo�u·TcN~acJSuy^�Z1XVL*PQ_UXVL�]S^`_Wacb��
n���¿KÀÂÁ*ÃªÄ�g�_+TOJFo�XVRizÅ_¶PSR1Z1L�TOR¡_Æ^`L-_Uo!a*RiPtTV_iuyPMN�TOJMLKNV_Uz�L�P\hSz�]!L*X&RioM]S^�_iacb¡PSR1Z1L�N*�
w ^yTOJSRWhSxiJ�uyT&u`N&PMRUT&PSL-a*L-NVNO_iXO��o�RWX�TOJSL�Z1L*ÇMPSuyTOu`RiP�{W��LK_iZSRig1T�TOJMLKo�hSXrTVJSL*X&gMXORWg�L-XrT��

TOJ�_+T~TOJML¡XOR\RUTKu�N~]S^�_iacb��
«È¬(­t®�¯¤±I²-±É³�¯�´ HKJSL(»*ÊyËWÌVÍ�¾SÁ*Î·ÏÂ¾\½°RUo�_�PSR1Z1L��Ðu`PB_�XOL�Z\[.]M^`_Wacb�TOXVL*L¡u�NKTOJML�P\hSz�]!L*X
RUo°]S^�_iacb#PSR1Z1L�NKRiPQ_UP\�#g�_+TOJ(TOR#_=^`L-_Uo�{SPSRUT�a*RihSPtTOu`PSx��Ñu·TcNrL-^·o��
  uyxWhSXOL�lÒNOJSR+��N�_¦o�hS^`^�]MuyPM_iXO�YNOL-_UXcacJYTOXVL*LÒRUo#lÂÓÔPSR1Z1L-NÔGI¸i¹Mº\º¦g!Riu`PtTOL-XVN(PSRUTNOJSR+�~P��ª{�TVJSL*P�_ÔP\hSzF]�L-X#RUo¡L-ÕthSu`�+_U^`L*PtT#XVL-Z\[�]S^�_iacbdTVXOL-L-N��~uyTOJYTVJSLB¸W¹Mºtº¦g�RWuyPtTOL-XVN

NOJSR+�~P�_WNK]S^�_iacb�PSR1Z1L�N*�

Ö ×�?�<�<�?FØÚÙ�ÛÐÜÝ:�;DÞ°ß�>°<�E*?F;Ý:�;áàãâ�ß�@(Ù�×åäfà¡C�æáç3>&ß�ß

� HKJSL�Ç�XVNrT�gSJM_WNrL�Rio~uyPMNOL*XOTOu`RiPÔu�N�Z1RWPSL#u`PÔTOJSL�hMNrh�_U^�]Su`PM_iXO�ÔNrL�_UXcacJmTVXOL-L�oI_iNOJSu`RiP���~L�afhSXcNru`�iL-^y�#ZSL-NVafL*P�Z�TVJSL�TOXVL*L¡_iPMZ�u`PMNOL*XOT~TOJSL¡PML*��PMR\ZSL�_iN~_=^yL�_+o��
� ���iL-XO�DPSR1Z1L�u�N�XOL�ZBhSg!RiP%u`PMNrL-XrTVuyRWP��FHKJMu`N�è�Ë+Ä�a*_ihMNrL=�\uyRW^`_UTOu`RiPÒRUo�XVL-Z1[.]S^�_iacbgSXVRig!L*XOTOu`L-N-�
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Black height of tree = 4
NULLs Shown as Nodes,  all nodes black NULLs Shown as Nodes,  black height = 2
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A Full Binary Search Tree of 15 Nodes

NULLs Shown as Nodes,  black height = 3 NULLs Shown as Nodes,  black height = 3

  u`xihSXVL�l ´ �&eS_Uz�gS^`L-NKRio°�~L�Z\[sé�^�_iacb#H¤XVL*L-N~éK_WNrL�Z�RWP   hS^y^¤éKêSH�Rio�lÂÓ�ëÆR\ZSL-N

ì JM_+T�XVL-Z\[�]S^�_iacb%gSXORWg�L-XrTVuyL�N(Ìc¼+í1Ê`î#]!L(�\u`Ri^�_+TVL-Zd]\�ÔuyP�NrL-XrTVuyRWP¦RUoÆ_mPSR1Z1L�ïðHKJSL
]Su`PM_UXV�#NOL-_UXcacJ#TVXOL-L¡gSXVRig!L*XOT�����RWhS^`Z(PSRiTK]!L¡�\uyRW^`_UTOL�Z(NOuyP�afL�uyP�NrL-XrTVuyRWP(u�N�Z1RWPSL¡_iN�o�RiX
]Su`PM_UXV��NOL-_iXVacJ�TOXVL*L-N-�&��R\Rib\u`PSx�_+T~TOJML�_iZSZ1uyTOu`RiP�_U^�gSXVRig!L*XOTOu`L-N�o�RWX~XOL�Z\[.]M^`_Wacb�TOXVL*L-N ´lW�K�µ�iL-XO��PSR1Z1L¡u�NKXVL-Z�RiXK]S^�_iacb ´&¯¤³�² �\uyRW^`_UTOL�Z��
�S�KHKJML¡^yL�_+o¤PMR\ZSL-N�_iXOL¶TOJSL¡¸W¹Mº\º�g�RWuyPtTVL*XcN�o�XORWz�TOJML¡PSR1Z1L-N ´&¯¤³�² �\uyRW^`_UTOL-Z��
�M�K�µ�iL-XO��^`L-_UoKGI¸i¹Mº\º1��u�N~]S^�_iacb ´&¯°³M² �\uyRW^`_UTOL�Z��
n���q�oK_#PSR1Z1L=u�N¶XVL-Z�{�TVJSL*PY»c¼+½�¾#Rio�u·TcN�acJSuy^�Z1XVL*P%_UXVL�]S^�_iacb ´�¯°³M² �\uyRW^`_UTOL-ZQo�RiX�TOJSL
u`PMNOL*XOTOL�ZdPSR1Z1LÒGI]�RiTOJ¦¸W¹Mº\ºÒacJMuy^�Z1XVL*P¦_UXVL#]S^�_iacbS�fñ�]Sh1T�ò¦óiô
õ ­ �\u`Ri^�_+TOL�ZÔo�RiX
TVJSL¡gM_iXOL-PWT~Rio¤TVJSL¡uyP�NrL-XrTVL-Z(PSR1Z1Li�

ÓS��¿KÀÂÁ*ÃªÄ�gM_UTOJ#o�XVRiz�_¡PMR\ZSL�TOR=_�Z1L�NOa*L*PMZSL*PtT�^`L-_Uo�afRiPtTc_Uu`PMN&TVJSL�NV_Uz�L�P\hSzF]�L-X�Rio
]M^`_Wacb#PSR1Z1L-N ´�¯°³M² �\uyRW^`_UTOL�Z��
ö�÷+³�³!øV´ ê\hSgSg!RWNOL�TVJSL�g�_+TOJBTOR#TVJSL�u`PMNOL*XOTOu`RiPQg!Riu`PtT�afRWPtTV_Uu`PSL�ZBùD]S^�_iacb�PSR1Z1L-N
]!Lfo�RWXOL�u`PMNrL-XrTVuyRWP��°qsPMNrL-XrTVuyRWP#RUo�TOJSL�XOL�Z�PSR1Z1L���RWhS^�Z�XOL�Z1hMa*L�TOJML�g�_+TOJ#TOR�ù�ú%l
]M^`_WacbQPSR1Z1L-N-{�]Sh1T�TOJMLF¸W¹Mº\ºtN¶RiPmTOJSL=u`PMNrL-XrTVL-ZmPSR1Z1L=_WZSZ¦l=]S^�_iacb���HKJSL-XOL*o�RiXVL
TVJSL¡P\hSz�]!L*XÆRUo¤]M^`_Wacb#PSR1Z1L-NKRWP�TOJSL¡gM_UTOJMNKu�N~hSP�acJM_UPSxWL-Z��

� HKJSL¡RiPS^`�#�\u`Ri^�_+TOu`RiP�g!RWNVNru`]Su`^yuyT��#u�N~u·o°TOJML¡uyPMNOL*XOTOL�Z�PMR\ZSL¡JM_iN~_=XVL-Z(gM_UXVL*PtT-�
� HKJSL*XVLfo�RWXOLW{ÂTOJSL~RWPS^`�FNOu·TVhM_+TVuyRWPFu`P��~JSu`acJ�_WZÂû�hMNrTOz�L*PtT�RUo!TOJMLKTOXVL*LKz�hMNrT�]!L�Z1RiPSL_+oüTVL*X~u`PMNOL*XOTOu`RiP�u`NK�~JSL-P�TOJSL¡gM_iXOL-PtTKRio°ý�u`NKXVL-Z��
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  uyxWhSXVL���NrhSz�z�_UXVu'&*L-N~TOJSLFXOhS^`L-N~o�RiX�u`PMNOL*XOTOu`RiPQRUo&_�PSR1Z1L�uyPtTOR(_�XOL�Z\[.]M^`_Wacb�TOXVL*LW� w TTOJML�N�Tc_UXOT-{1ý#u�N�_=g�RWuyPtTVL*XKTOR=TVJSL¡PSL*�~^`�t[.u`PMNOL*XOTOL�Z�PSR1Z1LW�
� ë�RUTVL ´ TVJSL¡uyP�NrL-XrTVL-Z�PSR1Z1L¡Z1R\L-N~PMRUT~z�R+�iLi�&HKJSL¡g!Riu`PtTOL-X~ý�Z1R\L-N-�
� HKJSLBafRW^yRWX=Rio¶TVJSL�prhMPMaf^`L-|%PSR1Z1LdGINOu`]S^yu`PSxdRio¶gM_iXOL-PWT�PSR1Z1LÂ�=u`N#uyz�g!RiXOTV_UPtT�u`PZ1L*TOL*XVz�uyPMuyPSx=TVJSL�_iafTOu`RiPMN�TVR=]!L�TV_ibiL-P��HKJSL*XVL¡_UXVL�o�RihSX�a-_iNOL-NKu�Z1L*PtTOuyÇML�Z(u`P�TOJSL�Ç�xihSXVL ´
( ó�) ­ * ý�u`NKTVJSL¡XVRtRiT-�
( ó�) ­,+ é�RiTOJDgM_UXVL*PtT~_UPMZ�gM_iXOL-PtT.- N�NOu`]S^yu`PSxBG*prhSPMa*^yL�|W��_UXVL�XOL�Z��
( ó�) ­0/ �&_iXOL-PtT�u�NKXOL�Z�]ShSTKhMPMaf^`L�u`NK]S^�_iacb���ý#_UP�Z�uyTVNKgM_iXOL-PtTK_iXOL�]�RiTOJD^`LfoüT~RiXK]!RUTOJ

XVu`xiJtT�acJSuy^�Z1XVL*P��
( ó�) ­ 1 �&_iXOL-PtT�u`NFXOL�Zd]Sh1T�hSPMa*^yL(u`NF]S^�_iacb��Býd_UP�Zdu·TcN�g�_UXVL*PtT=_iXOL#RWgSg!RWNOu·TVL�T��\g�L

acJMuy^�Z1XVL*P��ë�RiTOL ´ qsP�TVJSL ì L*u�NVN�TOL*e\T32U{�j�_iNOLÒ�da*RiXVXOL�Nrg!RiPMZMN=TOR   u`xihSXVL¦lÂ�1�`l.4MG�TORWg��ª{~_UP�Zj�_iNOL¡��afRiXVXVL-NOg�RWPMZSN�TOR   u`xihSXVL�l��1�`l.4�G�]!RUTOTORiz#�f� ì L*u�NVN�Z1L-NVafXVu`]�L�NKJSu`N�j�_iNOL=l¡u`P�TOJSL^�_iNrTKg�_UXc_UxiXc_UgMJ�RUo°gM_UxWL�Ó54Un���}�u�N~_UgSgMXORt_iacJ�u�NKTVR�g�L-Xro�RWXOz�TVJSL�_UgMgSXORWgSXVu`_UTOL�j�_iNOL¡�
RiX�j�_iNOL��BXVRUTc_+TVuyRWP�{°TOJSL-P¦XOL�afRW^yRWX-�mHKJML(_UgMgSXORt_iacJdZ1L�NOa*XOu`]�L�Zdu`PdTOJSu�N=gM_Ug!L*XFu`N�TOR
XVL-afRW^yRWX-{WTOJML*PDXORiTV_UTOL�RiPS^`�#uyo°_=XVL-Z\[�XOL�Z��\u`Ri^�_+TVuyRWP�R1a*a*hSXVN�]!LfT���L*L-P�xWXV_iPMZ1gM_iXOL-PtT�_UP�Z
xiXVL-_UTr[�xiXc_UPMZSgM_UXVL*PtT-�
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  uyxWhSXVLÆ��NOJSR+��N�JMR+��_¡XOL�Z\[�]S^`_Wacb�TVXOL-LÆu�Nµz�R1Z1uyÇML-Z�_+oüTOL-X�u`PMNOL*XOTOu`RiP#Rio�TOJSL¶PSR1Z1L��~u·TVJ�+_U^`hSLSR��   RiX�a*^`_iXOuyT��i{tTVJSL¡¸W¹Sº\º�PSR1Z1L�N�_UXVL�PSRUT�L*e\gM^yu�afuyTO^`�(NOJSR+�~P��
lW��ýdg!Riu`PtTVN�TORÒTOJSL(uyP�NrL-XrTVL-Z¦PMR\ZSLTR��dë�R1Z1L8R%u�NFXOL�Z3NOuyPMa*L�L-�iL*XV�%PSR1Z1L(u�NFXOL�Z
hMg�RWPQuyPMNOL*XOTOu`RiP���ê\u`PMafL�TVJSL�gM_iXOL-PWT~Rio°PSR1Z1LUR(u`N�XOL�Z�{MafRWXOXVL-afTOu`RiP�u`N�PSL-a*L-NVNO_iXO�W�
ëÆR1Z1LUR1NKhSPMaf^`L#G�PMR\ZSLWVt��u�N~XVL-Z�{SNOR�a*_iNOL�l¡_UgSgS^`u`L-N-�
GÉ_W�Qj�Ri^`RiX�TVJSL¡gM_UXVL*PtT�G�PMR\ZSLWXt��]S^�_iacb��
G�]��Qj�Ri^`RiX�TVJSL¡hSPMa*^yL#GIPSR1Z1LWV\�µ]M^`_Wacb!�
GÉa-�Qj�Ri^`RiX�TVJSL¡xiXc_UPMZSgM_UXVL*PtT¡G�PSR1Z1LWY\��XOL�Z��
GIZM����Riu`PtT�ý�_+TKTOJML¡xiXc_UPMZ1g�_UXVL*PtT-�

�S�KëÆR+�¡{�ýBg!Riu`PWTcN¶TORDPSR1Z1LZY��~JSu`acJ%JM_WN�_(XVL-ZBg�_UXVL*PtT�GIPSR1Z1L�[\�ª�FHKJMLFhSP�af^`L=Rio
PMR\ZSLUY�GIPM_Uz�L*^`�#PSR1Z1LZ\.RS��u�N�]S^`_Wacb�_UPMZ�ý�u`NK_FXOu`xiJtT�acJMuy^�Z���HKJSL-XOL*o�RiXVLi{\a*_iNOL��
_igSgS^`uyL�N*�
] ²-­�^_+

GI_W�Dj�Ri^`RiX�TVJSL¡xiXc_UPMZSgM_UXVL*PtT¡G�PM_iz=L-^y�(PSR1Z1L�\%\���XVL-Z��
G�]��Qj�Ri^`RiXKý%G�PSR1Z1LWY\��]S^�_iacb��
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same as "parent is

left child" with

"left" and "right"

interchanged

X is
root

?
is RED
uncle

parent
left child

?

parent
is RED

parent

right child
?

parent is root

color it black

Color parent black

Color uncle black

Color grandparent red
X = Grandparent(X)

?

X is a
right child

no (Case 3)

yes (Case 2)

Color grandparent red

Color X black

Rotate-left on parent
Rotate-right on grandparent

START

color X black done
yes (Case 0)

no done

?

?

yes

no

yes

no
no

yes

yes (Case 1)

no

done

Color parent black

Color grandparent red

Rotate-right on grandparent

 Done  Done

Insert X in a red-black tree

  uyxWhSXVL¡� ´   ^`R+�©j�J�_UXOT~o�RiX~qsPMNOL*XOTOu`RiP�uyPD�~L�Z\[�é�^�_iacb�H¤XVL*L-N
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Case 2

Step2:
Rotate right

Step 1: Color and rotate leftCase 2
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2

4

1 5
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X7

= black node = red node

  u`xihMXOL¡� ´ ��e1_iz�gS^yL�Rio¤qsPMNOL*XOTOu`RiP�uyPQ_��~L�Z\[�é�^�_iacb�H¤XVL*L

GÉa-���~RiTV_+TVL�^yL*oüT¶_U]!Rih1T~ý#- NKgM_UXVL*PtT~PSR1Z1LW[��
] ²-­�^�/ �~RiTV_+TVL¡XOu`xiJtT~_U]!Rih1T~TVJSL¡xiXc_UP�Z1gM_UXVL*PtTKPSR1Z1L�\%\i�
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¢¤£ ­\³M÷+­ ò + w P\��XVL-Z\[�]S^�_iacb¶TOXVL*LW{U�~u·TVJFXVR\RUTi¥�{UJM_WN�_+T�^yL�_iNrT°¢§¦��5¨�©Kª'«.¬Âú#l�u`PWTVL*XVPM_U^
PSR1Z1L�N*{1�~JSL-XOL�]SJ°G­¥���u`NKTVJSL¡]S^�_iacbt[�JSL*u`xiJtTKRUo¤PMR\ZSLU¥��
® ö�÷+³�³!øV´ ]\�#u`PMZ1hMafTOu`RiPDRiP�JSL*u`xiJtT�Rio¯¥��éK_iNOL ´ ¥3u�NF_Q^`L-_Uo�G�PSRÒuyPtTOL-XOP�_U^µPMR\ZSL-Nc�ª{�JSL*u`xiJtT�u�NP&*L*XVRM{°]SJ�G�¥!�n¦O4S�m�K°¡úkl8¦O4S�
HKJSL-XOL*o�RiXVLÆTVXOhSL�o�RWX~]M_iNOL¡a*_WNrLW�
q�} ´ ��L*Ti¥=]!L�_iP�uyPtTVL*XVPM_U^WPSR1Z1L��~uyTOJ�T���R�acJSuy^�Z1XVL*P�GI�~JSu�acJ�z�_Â��]!L�¸i¹Mº\º!{-_iPMZ�_iNVNOhSz�L
TOJML�TOJSL-RiXVL*z�JSRW^`ZMN�o�RiX�_U^`^�PSR1Z1L�N~RUo°JSL*u`xiJtT�^`L-NVN�TOJM_iP8¥¤�
q�o~_�acJMuy^�Z%RUoI¥du`N¡XVL-Z�{�u·TcN¡]S^�_iacbBJML*u`xiJtT�u`N�]MJ¤G­¥��ª�#q�o�TOJML#acJSuy^�Z%u`N�]S^`_Wacb�{�u·TcN¡]S^�_iacb
JSL-uyxWJWT�u�N&]SJ¤G­¥!�SúQli��qsP#_UP\��L-�iL-PWT�{UTVJSL�q�}YJSRW^`ZSN&o�RiX&TVJSLÆacJSu`^`ZSXOL-P�NOu`PMafLKTVJSL*u`X�JSL-uyxWJWT
u�N¡^yL�NON¡TOJM_iPÒTVJM_+TFRUoI¥��(HKJML*XVLfo�RiXVLi{¤L-_WacJ%acJSu`^�Z%NOhS]1TVXOL-L�JM_iN�_+T�^`L-_iNrTF�K¨.©Kª�«~¬�±�2Æú�l
u`PWTVL*XVPM_U^�PMR\ZSL-N-��HKJML*XVLfo�RiXVLi{\TVJSL�TOXVL*L�XVR\RUTOL�Z(_UT"¥QJM_iN�_UT~^yL�_iNrT

�SGÉ� ¨�©Kª'«.¬�±�2 ú�lÂ��¨�l@¦�� ¨.©Kª�«~¬ úvl
u`PWTVL*XVPM_U^�PMR\ZSL-N-�KGÉHKJSLF¨Fl¡afRWhSPtTVNKPSR1Z1LU¥QuyTVNOL*^yo�� �³²

¢¤£ ­\³M÷+­ ò / qsP¦_QXVL-Z\[�]S^�_iacbQTVXOL-Li{�_+T�^`L-_WN�T�JM_i^·o~Rio�TVJSL#PSR1Z1L�N�RWPÔ_iP\�mgM_UTOJÔo�XVRiz
XVRtRiTKTOR�_=^yL�_+o�z�hMNrT~]�L¡]S^�_iacb��
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�M��q�o&TVJSL�PMR\ZSL�TOR(]�L=Z1L*^`LfTVL-ZQJ�_iN~T���R�acJSu`^�Z1XOL-P�{MXVL*gM^`_WafL¡TVJSL��+_U^`hSL=_+T�TVJSL�PSR1Z1L
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hSg�Z1L*^`LfTVuyRWP�o�RW^y^`R+�~uyPMx�TOJML�XVhS^`L-NK_U]!R+�iLW�°�µ�iL-PWTVhM_U^`^`�=RWPSL�RUo�TVJSL�T���R=]M_iNOL�a*_iNOL-N��~u`^y^
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Then go to one of the
other cases.

Done if P is red.
Otherwise go to 
some other case.

Done after this. The
black has been 
absorbed.

Now go to case 3.
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