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Definitions Series
f(n) = O(g(n)) iff 3 positive ¢, ng such that n n n
0 < f(n) < cg(n) Vn > ng. Zi: @’ Zizz n(n—|—1)6(2n—|—1)’ Zi?’: n2(n4—|— 1)2.
f(n) = Q(g(n)) iff 3 positive ¢, ng such that =t ‘ =t =t
f(n) > eg(n) > 0¥n > mo. In general: i
1
f(n) = ©(g(n)) iff f(n) = O(g(n)) and "= [(n F DM 1= (4 D™ = = (o 1))
£(n) = Qg(n)).
- 1

f(n) = o(g(n))

iff lim, .o f(n)/g(n) = 0.

Iim a, = a
n— 00

iff Ve € R, dng such that

Geometric series:
lan —a| < €, ¥Yn > ng.
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i i Cn+1 — 1 ° i 1 o i C
sup S least b € R such that b > s, ©C =T 21 c# 1, Eczl—c’ ZCZI_C; c<l1,
VS c S i=0 i=0 i=1
n ) n+2 n+1 o '
inf S greatest b € R such that b < Zicl = ne (n—}—lgc +C, c#1, ZicZ = ¢ 5, c¢<L
S, VS € S =0 (C o 1) i=0 (1 o C)
lim inf ay, lim inf{a; | i > n,i € N}. Harmonic series: X n ' |
: . —— Hy=Y -, Ziﬂizn(”; )Hn—"("4_ ),
fim sup ar Jim sup{a; [ i > n,i € N}. e
() Combinations: Size k sub- zn:Hz:(n—l-l)Hn—n, i(Z)H.: (n-l-l) (Hn+1— 1 )
sets of a size n set. i=1 im N m+1 m+1
(%] Stirling numbers (1st kind): n n! "\ /n n n n
Arrangements of an n ele- 1. k] (n — k)1k!’ 2 [ 2", 3. ) T \n_k)
ment set into k cycles. k=0
4 ny n(n-1 5 ny (n-—1 n—1
{Z} Stirling numbers (2nd kind): Ak T Ek\E_1/) k] k + k—1)’
Par?;itions of an n element n\ /m N\ fn—k .k rindl
set into k non-empty sets. 6. = , 7 = ,
m k k)\m—k = k n
<Z> 1st order Eulerian numbers: n o
. k n+1 r s r+s
Permutations i@ ... 7, on 8. ( ) = ), 9 ( ) < ) = < ),
{1,2,...,n} with k ascents. k=0 \' m+1 k=0 k) \n—k "
k—n-—1
<<Z>> 2nd order Eulerian numbers. 10. (Z) = (—1)k< Z ), 11. {711} = {Z} 1,
Ch Catlan Numbers:  Binary 1 1
trees with n + 1 vertices 12. = on-l_ 13 i k "= "
i 2 ' k k k-1’
14. " = (-1 15. || = (- 1H 16. || =1 7. [ >
. 1 - 3 . 9 — Ain—1, n — 4 El = k )
n n—1 n—1 n n n " [n 1 2n
18. =(n-1 19. = = 20. =n! 21. C), = ——
e[ e =L 6) e Rl e e=ms ()
n n n n n—1 n—1
22. = =1 23. = 24. =(k+1 —k
(o)==t (b =Gtoe) (b =" ) ro-0(i))
0 1 ifk=0 n n n+1
25. = ' 26. =2"-n-1 27. =3" - 1)2”
< k > 0 otherwise 1 T 2 (n+1)2%+ 2 )
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38.

Identities Cont. Trees
n+1] n k B " Tk ek _ "1k z _ " n z+k Every tree with n
BARIE VI G B o1 M KD o1 W TR N B o 9 I A T e e
k k=0 k=0 k=0
dges.
n n k+1 —k n n+1]/k —k €
40. = -1 41. = -1 ;
{m} (k’){m—}—l}( " [m] Z [k—l—l] <m)( ) g Kraft inequal-
kl m . 1’“ m . ity: If the depths
m+n+ n+ m+n+ n+ f the leaves of
= k , 43. = k(n+k [ ], o
{ m Z { k [ m ] Z ( ) k a binary tree are

T A ol e | 1 1 S B
} 4T[nfm]:2;<zlz)< i;){mzk} zm;;MMyMMS
Ay ) =20

m
n

n £+ m kl[n—%k]/n only if every in-

9. [f—i—m]( L )I;[E][ m ](k) ternal node has 2

48.
sons.
Recurrences
Master method: Generating functions:
T(n) =al(n/b)+ f(n), a>1b>1 I(T(n) — 3T (n/2) = n) 1. Multiply both sides of the equa-
- 3(I'(n/2) =31 (n/4) = n/2) tion by z*.
— log, a—¢
gj; > 0 such that f(n) = O(n™ %7 2. Sum both sides over all ¢ for
T(n) = @(nlogb ay : : : which the equation is valid.
B ' 3los: "_1(T(2) —37(1) = 2) 3. Choose a generating function

If f(n) = O(n'°8 ) then

G(z). Usually G(z) = Y2 z*.
T(n) = ©(n'°8 * log, n).

3. Rewrite the equation in terms of

3loe"(T(1) =0 =1)

If 3¢ > 0 such that f(n) = Q(n'8» 4+¢) Summing the left side we get 7'(n). Sum- the generating function G(z).
and 3¢ < 1 such that af(n/b) < cf(n)’ ming the right side we get 4. Solve for G(z). '
for large n, then a 1082 1 n . 5. The coefficient of 2* in G(x) is g;.
T'(n) =0(f(n)). Z 273 . Example:
=0 gi+1 =2¢; +1, go=0.

Substitution (example): Consider the Let ¢ = 3 and m = log, n. Then we have

following recurrence m 2 Multiply and sum:

; . m+l N - i
Tipr =22 -T2, Ty =2. nY d=n 67) D gipat =) 2t 4+ at.
= c—1 i>0 i>0 i>0
Note that T; is always a power of two. oz i .
Let t; = log, ;. Then we have = 2n(c- %" — 1) We choose G(z) = Ei?o @' Rewrite
tigs = 9 1ot 4y = 1. = 2n(c- cFlogon _ 1) in terms of G():
. . — opk+l _ 9y A 99158496 _ 9 MZQG(f)—FZIi.
Let u; = t;/2*. Dividing both sides of =<n n/Zn n, z =
; : i+1 . =
the previous equatl(;l by 2'7* we get where k = (log, %)_1. Full history recur- Simplify:
ti}"'ll = — t_l rences can often be changed to limited his- HIpH yG(x) 1
2t 2t 2! tory ones (example): Consider the follow- — =2G(x) + 15
Substituting we find ing recurrence * -7
_1 _ i—1 2)-
Uipr =+, up = 12, Solve for G(z):
’ Ti=1+) 1;, Th=1 G(a) = x
which is simply uw; = i/2. So we ﬁnld i=o C(1—2)(1—22)
. L 9i2'T
that 7; has the closed form 7; = 2 ) Note that Expand this using partial fractions:

Summing factors (example): Consider

: 2 1
the following recurrence Tiyr =1+ E T;. Gx)==z < — )
j=0

T =312 +n, Ti=n boee Ao
Rewrite so that all terms involving T Subtracting we find ' =z QZQif i le
are on the left side . A i>0 i>0

T; — 31,2 = n. EH_E:I"*’Z]}_I_Z]} o -
i=o j=0 — Z(2Z+1 _ 1)1,Z+1.

Now expand the recurrence, and choose - T i>0
=1T.

a factor which makes the left side “tele- ' ;

scope” And so Ty = 2T; = 2°+L Sog; =2 -1
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T = 3.14159, er 2.71828, v~ 0.57721, o= 1‘*'2—\/5 ~ 1.61803, é= 1_2‘/3 ~ —.61803
1 2 Di General Probability
1 2 Bernoulli Numbers (B; = 0, odd ¢ # 1): Continuous distributions: If
_ 1 1 1 b
2 3 Bo=1,B1=-3 By =5 Ba= —35, Pr[a<X<b]:/p(a:)dm,
3 8 5 BG 42,BS— 30’310__6' . . a . .
4 16 7 Change of base, quadratic formula: then p is the probability density function of
_ N X.If
9 32 11 logbl— llogai’ —b+ 2b — ac. PI‘[X<Cl]IP(Cl),
6 64 13 , a4 then P is the distribution function of X. If
7 128 17 Euler’s number e: P and p both exist then
8 256 19 6=1+%+l+§—4+%+"' “
P(a) = p(z) dx
9 512 23 lim (1+ ) oo
10 1.024 29 nee . Expectation: If X is discrete
’ 1+ 1) <e< "
11 2,048 31 (1+)" <e<(ly » w) 1 Elg(X)] =Y g(x) Pr[X = z].
n € €
12 4,096 37 1+3) =e— — -0|=]. !
’ (1+3) ™ + 24n?2 <n3> If X continuous then
13 8,192 4l Harmonic numbers: = =
14 16,384 43 | 3 1L 25 137 49 363 7oL 7120 Elg(X)] = /_Oog(r)p(x) de = /_Cog(x) dP(z).
, 2’ 6’ 12> 60 » 207 1407 280’ 25200 " "
15 32,768 47 Variance, standard deviation:
16 65,536 53 Inn < Hy <lnn+1, VAR[X] = B[X?] - E[X]",
17 131,072 59 1
Hn:lnn+’y+0<—). VAR[X].
18 262,144 61 n Basics:
19 524,288 67 Factorial, Stirling’s approximation: Pr[X VY] = Pr[X] + Pr[Y] — Pr[X A Y]
20 1,048,576 71 1, 2, 6, 24, 120, 720, 5040, 40320, 362880, Pr[X AY] = Pr[X] - Pr[Y],
21 2,097,152 73 n ) iff X and Y are independent.
22 4,194,304 79 n! =+v2mn <E) (1 +®<—>>. Pr[X AY]
23 8,388,608 83 Ackermann’s function and inverse: t
24 16,777,216 89 9i i=1 E[X -Y] = E[X]- E[Y],
25 33,554,432 97 a(i,j) =4 a(i —1,2) j=1 iff X and Y are independent.
26 67,108,864 101 a(i—1,a(i,j—1)) 4,j>2 E[X 4+ Y] =E[X] +E[Y],
27 134,217,728 103 a(i) = min{j [ a(j,j) > i}. E[cX] = ¢ E[X].
28 268,435,456 107 Binomial distribution: Bayes’ theorem:
Pr|B Az Pr Az
29 536,870,912 109 PrX = k] = ( )pkqn © g=1-p PelAE] = = [IDTI[A]] PT[[B?A’].
30 | 1,073,741,824 113 k 1 | st T i
Inclusion-exclusion:
31 | 2,147,483,648 127 BLX] = Z’“ _ M( ) bk = . ! K
32 | 4,294,967,206 | 131 Prl\/ x| =Y Prx
- Poisson distribution: im1 el
Pascal’s Triangle —Ayk .
! v T B S0 3 e AXs]
11 Normal (Gaussian) distribution: k=1 1< <in j=1
121 (o—u)?/202 Moment inequalities:
(@) = — T pIX) = ! 1
1331 Lo Vveme i . Pr[|X]| > AE[X]] < <,
14641 The “coupon collector”: We are given a A X
random coupon each day, and there are n
1510105 1 ! P y © aren Pr[[X —E[X])| 2 0] < o
different types of coupons. The distribu A
1615201561 tion of coupons is uniform. The expected Geometric distribution:
1792135352171 number of days to pass before we to col- Pr[X = k] = pF1g, qg=1-—p,
1828 5670 56 28 § 1 lect all n types is _ik er 1
1936 84 126 126 84 36 9 1 nin. Tt Ty
110 45 120 210 252 210 120 45 10 1
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Trigonometry Matrices More Trig.
Multiplication: C
C=A-B, cj= ;ai,kbk,j- b a
Determinants: det A = 0 iff A is non-singular.
A ¢ B

Pythagorean theorem:

C* = A* + B~
Definitions:
sina = A/C, cosa= B/C,
csca=CJA, seca=C/B,
sina A cosa B
tana = = —, cota= — = —.
cosa B sina A
Area, radius of inscribed circle:
AB
Lap, A8
A+B+C
Identities:
1
sinz = , cosx = ,
csclx sec &
tanx = , sin?z 4 cos?z =1,
cotx

1+ tan? 2 = sec? z, 1+ cot?z = csc?z,

ing — To_ . inx = si x
sinx = cos (5 — r) , sinz = sin(7m — ),
cosx = —cos(m — &), tan z = cot (%—x),
cot e = —cot(w — x), cscx = cot § — cotx,

sin(z £+ y) = sinz cos y & cos z sin y,

cos(z £ y) = cosz cosy Fsinzsiny,

tan z £ tan
tan(z £ y) = —y’
1 Ftanztany
cot z cot 1
cot(z £ y) = 7@/?’
cotx + coty
. . . 2tanz
sin 2z = 2sin x cos x, sin 2x = —————,
1+ tan“z
cos 2z = cos? & — sin? z, cos2z = 2cos’ z — 1,
. 1 —tan’?z
cos2z = 1 — 2sin® z, cos2x = ————,
14 tan®z
2tanzx cot?x — 1
tan 2z = ————, cot 20 = ——,
1—tan“z 2cotx
sin(z + y) sin(z — y) = sin? x — sin? y,
cos(x + y) cos(x — y) = cos® & — sin’ y.
Euler’s equation: '
e = cosx + isinz, e = —1.

det A- B = det A - det B,
det A = Z H sign(m)a; r(i)-

T i=1
2 x 2 and 3 x 3 determinant:
a b
. d‘ = ad — b,
a b ¢
b ¢ a ¢ a b
d e fl=g —h + 1 ‘
g h i e f d f d
_ aet +bfg + cdh
- — ceg — fha — 1bd.
Permanents:
perm A = Z H @i (i)
T i=1
Hyperbolic Functions
Definitions:

i _ex—e_”“" b _ex—l—e_x
sinhx = 5 i , coshz = 2 ,
tanhx:l, cschz = ,1 ,

ev i|— e~" sm{lx
hz = thz = .

SCCT = toshz’ CoMLT = tanhz

Identities:

cosh? z —sinh?z = 1, tanh? z 4 sech? z = 1,

coth? z — esch?z = 1, sinh(—z) = —sinh z,
cosh(—z) = cosh z, tanh(—z) = — tanh z,
sinh(z + y) = sinh  cosh y + cosh z sinh y,
cosh(z + y) = cosh z cosh y + sinh # sinh y,

sinh 2z = 2sinh « cosh z,

cosh 2z = cosh? z + sinh? z,

T

coshz —sinhx = e™%,

cosh z 4+ sinh z = €%,
(cosh # 4+ sinh )" = cosh nx 4+ sinhnz, n€Z,

2sinh2§:cosha:—1, 200sh2§:c0sh1‘—|—1.

(©1994 by Steve Seiden
sseiden@ics.uci.edu
http://www.ics.uci.edu/"sseiden

f sinf cos@ tanf ...1in mathematics
0 0 1 0 you don’t under-
. 1 V3 3 stand things, you
6 \/5_ \/T_ 3 just get used to
2 2

V3 1 —J. von Neumann
7% 3 V3
5 1 0 o0

Law of cosines:
2 = a®>+b%—2abcos C.

Area:

A= %hc,

= %ab sin C,

c%sin Asin B

2sinC

Heron’s formula:

S. =8 —c.

More identities:

sin £ =
r __
cos T =

tan =
r __
cot2 =

sinxz =
cosx =

tanz =

sinz =
cosx =

tanz =

1—cosx
\/72 )
1+ coszx
\/72 )
\/m
1+ cosz’

1—cosx
sin z
sin
1+ cosz’
1+ cosx
)
1—cosx
1+ cosx
sin z
sin
1—cosz’

K3 tr

e’ —e”
21 '
62([/' _|_ e—Z.’L‘
2 )
.62.’1/'
.eZix -1
sinh iz

_ el

i
cosh iz,

tanh iz
—




Theoretical Computer Science Cheat Sheet

Number Theory

Graph Theory

The Chinese remainder theorem: There ex-
1sts a number C such that:

C = ry mod m,

C = r, mod m,

if m; and m; are relatively prime for ¢ # j.
é(x) is the number of
positive integers less than z relatively
prime to z. If [];_, p{* is the prime fac-
torization of x then

¢(I Hpe,—l _ 1

Euler’s theorem: If a and b are relatively
prime then

Euler’s function:

= a*®) mod b.
Fermat’s theorem:
1 =a”~! mod p.

The Euclidean algorithm: if a > b are in-
tegers then
ged(a,b) = ged(a mod b, b).

If T]7_, pi* is the prime factorization of

then
ei+1

Zd_ﬁpz

i=1 pz_l

Perfect Numbers: z is an even perfect num-
ber iff z = 27=1(2" — 1) and 2" — 1 is prime.
Wilson’s theorem: n is a prime iff
(n—1)!'=—-1mod n.

Mobius inversion:

ifi =1.
0 if ¢ is not square-free.
if ¢ is the product of
r distinct primes.

= leF(d)
(@)

then

= ud)G
dla

Prime numbers:
Inlnn

pp=nlnn+nlnlnn—n+n

+0(lm)

n_ n 2!n

+ (Inn)3

Inn

Inn)?

o <<1nnn)4)'

:T
:
—~~

Definitions: Notation:
Loop An edge connecting a ver- E(G) Edge set
tex to itself. V(G)  Vertex set
Directed Each edge has a direction. ¢(G)  Number of components
Simple Graph with no loops or G[S]  Induced subgraph
multi-edges. deg(v) Degr.ee of v
Walk A sequence vpe1v1 .. .€504. A(G) Mlaxllmum degree
Trail A walk with distinct edges. | 6(G)  Minimum degree
Path A trail with distinct | X(G)  Chromatic number
vertices. xe(G) Edge chromatic number
Connected A graph where there exists Gj Complement graph
a path between any two A’” Complete g%‘aph.
vertices. Ky, n, Complete bipartite graph
Component A maximal connected r(k,¢) Ramsey number
subgraph. ' Geometry
Tree A connec'ted acyclic graph. Projective coordinates: triples
Free tree A tree with no root. (2,9, 2), not all z, y and z zero
DAG Directed acyclic graph. Y 2); Y ‘
Fulerian Graph with a trail visiting (¢,y,2) = (cx,cy,cz) Ve#0.
each edge exactly once. Cartesian Projective
Hamiltonian Graph with a path visiting (z,y) (z,y,1)
each vertex exactly once. y=mr+b (m,—1,b)
Cut A set of edges whose re- r=c (1,0,—c)
moval increases the num- Distance formula, L, and L
ber of components. metric:
Cut-set A minimal cut. \/(1‘1 —20)? + (21 — 30)?,
Cut edge A size 1 cut.

k-Connected

k-Tough
k-Regular
k-Factor
Matching
Clique
Ind. set

Vertex cover

A graph connected with
the removal of any k& — 1
vertices.

VS C V,S # 0 we have
k-e(G-=S)<|S|

A graph where all vertices
have degree k.
A k-regular
subgraph.

A set of edges, no two of
which are adjacent.
A set of vertices,
which are adjacent.

spanning

all of

A set of vertices, none of
which are adjacent.

A set of vertices which
cover all edges.

Planar graph A graph which can be em-

Plane graph

beded in the plane.
An embedding of a planar
graph.

Z deg(v) = 2m.

veEV
If G is planar then n — m+ f = 2, so

fSQ’I’L—4,

m < 3n—6.

Any planar graph has a vertex with de-

gree <5

1
[l21 = wol? + |1 = zol?] "
Jim [l2s = ol + o1 = wol?] "
Area of triangle (zo,y0), (z1,¥1)
and (z2,y2):

1 — Xo
2 T2 — Zo

Y1 — Yo
Y2 — Yo
Angle formed by three points:

($2ay2)
£y
0,00 & (21,4)
cosl = (1‘1, yl) : (1‘2, yz)

£14s
Line through two points (zg,yo)
and (z1,y1):

x y 1
xo yo 1|=0.
z1 oy 1
Area of circle, volume of sphere:
A=mr? V= dar3

3

If I have seen farther than others,
it is because I have stood on the
shoulders of giants.

— Issac Newton
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T Calculus
Wallis’ identity: Derivatives:
2.9.4.4.6-6---
722.1335g$ L dlew)  du , dutv) _du_ dv 5 dww) _ dv du
B e t'. .d.f .t'. R " dr  Cdx ) dr  dx dx’ " Tde Ydr T Vdr
rouncker’s continued fraction expansion: d(u) i d(u/v) v(d—“) B u(d—”) d(ee) du
T 1 4. =nu""'—, 5. = —de da 6. = cet
=1+ 2_{_732 dzx dz’ dx v2 ’ dx dz’
>3 = d(c*) » du d(lnu) 1du
T 7. dr (Inc)e da’ dz udz’
Gregrory’s series:
T Llp1l_ 1,1 d(sinu) du d(cos u) .
P! 3T 5 7Tg ] = U— . — _sinu—
. 9 iz cos ud;r’ 10 In sin udr’
Newton’s series:
11 d(tanu) 5 du 12 d(cot u) 5 du
. = sec” u— . = U—
£:l+ 1 n 1-3 T dz dz’ dz dz’
° 2 2.3 2457 d(secu) du d(cscu) du
Sharp’s series: 13. - tan u sec u%, 14. e cot u csc ud ,
. 1 (1 1 N 11 N ) 15, d(arcsin u) _ 1 @’ 16. d(arccos u) _ -1 d_u’
¢ /3 31.3  32.5 33.7 dx V1—uZdx dzx V1 —u? dz
Euler’s series: 17 d(arctan u) _ 1 du 18 d(arccot u) _ -1 du
) dx 1—u?da’ ) dz 1—u?dz’
=ttt teatateat 19 d(arcsecu) 1 du 20 d(arcescu) -1 du
Tebthththtst Code T w/T-u?de T dr T w/I-utdz’
2 d(sinh d d(cosh
Ezl%_z%+3%_4%+5%_"‘ 21.M:coshu—u, 22.M:sinhu—u,
dx dx dz dx
Partial Fractions 23 d(tanh u) sech? u o4 d(coth u) — _ esch? u@
Let N(z) and D(z) be polynomial func- ) dx ) dx dx’
tions of z. We can break down d(sech u) du d(esch u) du
17\7(I)/‘D(1}) uSIHg partial fractioln expan- 25. T = — SeCh u tanh 'U%, 26. T = — CSCh u COth UE,
sion. First, if the degree of N is greater ]
than or equal to the degree of D, divide 27. d(arcsinh u) — 1 @’ 28. d(arccosh u) — 1 @’
N by D, obtaining dzx V14 u?dz dz Vul —1dx
N(x) = Q(z) + N'(z) 29 d(arctanhu) 1 du 30 d(arccothu) 1 du
D(x) D(x) ) dx 11— wu?de’ ) dz w?—1ldz’
where the degree of N’ is less than that of 31 d(arcsechu) -1 du 39 d(arceschu) -1 du
D. Selcond, factor D(z). Uzefthe follow- : dz - um%’ ) dz - |u|\,/1—|——uzﬂ
ing rules: For a non-repeated factor: .
N(z) A N N'(z) Integrals:
(z—a)D(z) @-a D)’ 1. /cudx:c/uda:, 2. /(u—i—v)dm:/udaz—i—/‘vdr,
where )
A= N(z) ) 3. / "t o £ -1, 4. /—dm:ln:p, 5. /ex de = €%,
D)), 1
For a repeated factor: dx dv du
N 6. 1 5 = arctanz, 7. ud—dr = uv — 'vd%dr,
N(z) Ay N'(z) Tz e z
D) = 2 o D)
k=0 8. /SlnIdl-—COSl 9. /cosa:dx:sin]:,

where

Ay = % [;% <g8)]x:

The reasonable man adapts himself to the
world; the unreasonable persists in trying
to adapt the world to himself. Therefore
all progress depends on the unreasonable.
— George Bernard Shaw

10. [ tanzdz = —In|cosz|,

14. arcsin £dx = arcsin £ + /a? 2

12. /secrdm: In |sec z + tan z|,

—

11. /cotmdm:ln|cosx|,
13. /cscrdr:ln|cscr+cotr|,

a >0,
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Calculus Cont.

15.

17.

19.

21.

23.

25.

26.

29.

33.

36.

38.

39.

40.

42.

43.

46

4

50

52

54./mzx/a2—x2dx:§(2$2—a2) a2—r2+%arcsin§, a >0,

56

58

60

2
sec”zdr = tanz,

arccos Tdx = arccos = — v a? —x?, a >0, 16. /arctan Zdx = zarctan T — %ln(a2 +2?), a>0,

sin?(az)dr = %(ax — sin(ax) cos(am)), 18. /cosz(aa:)d;l‘ = %(ax + sin(az) cos(aa:)),

20. /csc21‘d1‘: — cot x,

sin” 'rcosr n
+

n

n—1

tan”~ 1z
tan”mdx:u—/tan”_zxdr, n#1, 24. /cot”rdm:—

tanzsec” 'z n—2

-1 e cos" lxsing n-—1
sin" "2 z du, 22. [ cos" zdx = + cos" "2z dz,
n n n

cot" "1z

—/cot”_zxdr, n#l,

n—1

n—1 n—1

/sec"‘zrdaj, n#l,

n—1 n—1

sinh? z dzr = %sinh(?r) — iy

bl

2

arccosh %dr =

dz
Va? + 22
dz 1

-1 z
a2+r2_aarctana, a >0,

zln(m—}— az—}—rz)

dx .
—arcsin £, a >0,
02 — 22 a
./\/azixzdl‘zg azimzigln‘x—l—\/azirz‘,
8/ dx 11 x
./ ————=-In
ax?4+bxr a |a+bzx|

. /Mdm‘:?\/a—}—bx—i—a/
z

ST 2
. /udx:\/az—m‘?—aln
x

xdx
. | —=—Va? - 22,
/a2 — 22

/aZ T 22
. /aiﬂdr:\/az—l—ﬂ—aln
z
. /J;\/rzicﬁ dz = %(:p2ia2)3/2,

n—1 _
/csc” zdr = _cotwese” w + n-2 /csc"_2;7:dr, n#l, 27. /sinhrdm =coshz, 28. /coshrda: =sinhz,

1 x
—dx, 51, | ——do = —=In|————
zva+ bx /\/a—i—br V2 |Wa+br+/a

tanh z do = In| cosh z|, 30. /cotha:dr = In|sinhz|, 31. /sechmdm = arctansinh z, 32. /cschrdm =In |tanh §| ,

34. /cosh2 rdr = %sinh(?x) + %1‘, 35. /sech2 z dx = tanh z,

arcsinh £dx = rarcsinh £ — /22 +a?, a >0, 37. /arctanh 2dx = xarctanh £ 4 £ In la* — z?|,

x .
xarccosh — — v/x? + a2, if arccosh 7 > 0 and a > 0,
a

x .
x arccosh — 4+ v/z? +a?, if arccosh £ < 0 and a > 0,
a

, a>0,

2 .
41./\/(12—;15251;7::% a? —x? + %Garcsin, a >0,

/(a2 - ;7:2)3/2d;r = %(5(12 —2z%)\a? —x? + % arcsin 2, a >0,

a+x

a—I

44 / dx 1 |
. = —1In
a?—2z2 2a

45 dx _ x
' ) (a2 —22)3/2  g2\/q? — 2’

:ln‘x—i— z?2—a?|, a>0,

dz
47. —_—
/ Vz? — a?

o »\3/2
49. /xx/a—l—bxdr = 2(3ba 255)153—1—“) ,

1 1 Va+bzr—/a

, a>0,

2 _ 2
afvae a7 53,/% [ — a7 de = —L(a? — 2212,
x

i+ VE—

xr

_1

dx
55. - =
/ Va2 — z? 4

z2dz

bl

2 )
57. ——=—%y/a? — 224+ L arcsin L a>0
7 _ .2 2 2 a, !

VaZ —zx

a+va?+ z? Ny
- 59. —  dr=+vz2—a?—aarccos %, a>0
) ) )

xz z |]

bl

dz z
61. T | p.—
/;7:\/;1@2—|—a2 4 a+vVa? + z?
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Calculus Cont.

Finite Calculus

62.

64.

66.

67.

68.

69.

/
/

/

/\/axz—i—bz—{—c: 1

/\/aazz—i—br—}—cdm:

dx

zVz? —a?

A= Ve, 65 [V
1 2ax + b — Vb2 — 4ac
dx b2 — 4dac B 2ax + b+ /b2 — 4dac|’
a2 +br+c %az + b

zdx

1 arccos | pooa> 0, 63.

arctan

Vaac — b2’

2
Vdac — b2

1
—1In

Ja

—2ax — b
Vb2 — dac’

arcsin

J—a

2ax + b z

4
ar?4+bxr+c+ a

2ax + b+ 2v/a/ax? + bz + |,

dx _
22/ + a2

alx

(1,2 + a2)3/2
3a2xs

if b2 > 4ac,

if b2 < 4ac,

ifa >0,

ifa <0,

dz

Vvar?4+bzr+c

\/ax2+br—|—c: a

_a/ Var? +bx +c’

¥
8a /

Var? + bz + ¢’

bl

bl

_71111 2/evar? 4+ br + ¢+ b + 2¢ T
, c x
70. /—‘” -
zvVazx? +bx4c 1 . bz + 2¢ o<

—— arcsin ——————, if ¢ ,

V—c |z|v/b% — 4ac
71. / VaZ+alde =( % —15 a?)(z? —|—a)3/2,
72. /x" sin(az) de = — 12" cos(ax) + %/1‘"_1 cos(az) dz,
73. /r" cos(az) dz = %x” sin(az) — % /;7:”_1 sin(ax) dz,
74. /r"ea” de = e %/1‘”_16” dez,

a

75. /x" In(a — ! ln(ax)

n+1 (n+ 1

xn+1
76. /x (Inax) = (Inaz) / (Inaz)™= lde.
n+1

rl = rl = zl
z? = z2 4zl = 1‘5 - mT
z3 = 22+ 322 4 oL = 23— 31‘54— 2t
zt = 2 4 62+ TeZ + 2t = xZ—Grg—}— T2 — 2l
z® = 22+ 1522 + 2523 + 1022 + L = z5 — 15z% + 2523 — 1022 + !
zl = z! i = z!
;lj: z? 4 gzt 2 = 2 — gl
z3 = 3+ 322 4+ 221 22 = z3 — 322 4+ 221
zt = zt 4+ 623 + 1122 + 62! i = z* — 622 + 1122 — 62!
5= 25 + 102* + 3523 + 5022 + 242! 22 = 25— 102* + 3523 — 5022 + 242!

Difference, shift operators:

Af(z) = f(z +1)— f(2),

£ f(z) = Sz + 1)
Fundamental Theorem:
f(z) = @Zf Yor = F(z)+C

Z flz)be = Zf(i)

Differences:a o
Afcu) = cAu, A(u+v) = Au+ Av,
A(uv) = uAv + EvAu,
Az2) = nel1
A(Hy) = z=L A(27) = 2%,
A(c”) = (¢ = 1)c” AQn) = (20
Sums:

Steubr =c) ube,
S(u+v)ber =) ubz+ ) véz,
ST uAvér = uv — ) EvAuéz,

> 6,1:—”:_:, Sox=tér =H
>t br = 4, 2 () 62 = (,50)-
Falling Factorial Powers:
r=z(z—-1)---(x—m+1), n>0,
2% = 1,
1
= , n<0,
A @D
gBE — g — m)2,
Rising Factorial Powers:
" =x(z+1)--(e+m—1), n>0,
20 = 1,
- 1
z" = , n<0,
GO @D
2"t = 2 (2 4+ m)".
Conversion:
= (=) (=z)" = (z —m+ 1)
=1/(x+1)""
2= (-)"(—x)t=(z+m—1)2
= 1z - 1)
n_n n,&_n n n—k k
o= e = e,
=1 k=1
" [n
n _ ln k_k
=3 [
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Series

Taylor’s series:

f(@) = fa) + (v — a)f'(a) +

Expansions:

dr 1
Lk
¥ dan (1—;1@)

sin @

cCos T

1—z— 22

Fox

1-— (Fn—l + Fn+1)I — (—1)”1‘2

(z — a)?

S @)+ =

i=0
=l+z+a?+a3+zt+ -
=l+cx+cie?+c323+ ..
=14zt + 2 43 ...
=z+222 +323 +42* + -
=2+ 222 + 323 anet
=l+ao+t22+ 22+
= — 3%+ 323 Lot —.
:x—|—%m2—|—%x3+%x4+...

— 1,34 1,5 1.7
=T -5+ 52 —HT 4+

— 2 1.4 1.6

:1+nx+”(" Vg2 4...
:1—1—(71—1—1);1:—1—(”‘2"2)];24_...
=1-la+4+ S22 — Lot 4+
=1l4+z+222+523+ -
=l+z+222+62%+ -
=1+@2+n)z+ (*T")22+ -
:r+%x2+%x3+%m4+,..
:%$2+%$3+%I4—|—~~
—z+2?2+223+ 324+

:an+F2nI2+F3nm3+

fj(‘”_“) F9(a).

Ordinary power series:

(0]
Alz) = Z a;x’.
=0
Exponential power series:
Alz) = Z iy
=0
Dirichlet power series:
(o]
Z
A=Y %
i=1

Binomial theorem:

" /n
@+y)" =) <k) T
k=0
Difference of like powers

EInlkk

For ordinary power series:

-yt

A(z) + BB(x) = > _(aa; + Bbi)a’,
i=0
rkA(.r) = Zai_ka:i,
i=0
Alr) = 32 i’
Lk = Z ai_px’,
= Zciaiwi,
i=0
Al(l) = Z(l + 1)ai+11‘i,
i=0

[e0]
zA'(z) = Ziaiml,

i=1

(o]

/A(x) dx = Z ail—,_lxi,

i=1
A@)+ A=) N~
9 = ;CLZiI )

A(z) — A(—=z > :
EEFIC

i=0
Summation: If b; = Ej':o a; then

B(z) = ﬁA(m)

Convolution:

A(z)B(z

Z Z“JH x'.

i=0 =

God made the natural numbers;
all the rest is the work of man.
— Leopold Kronecker




Theoretical Computer Science Cheat Sheet

Series Escher’s Knot
Expansions: L
1 L i(h’ i) n+i\ ™" i i
n = n4i — 4in . x, - = T,
(I—a)ntl 1 —g — + ) x — n
- . [n i x n (i) nlzt
: =3[+ - = {5
i=0 2=0
1" = [i] nle? 2. (—4)! By
1 = ; t: = -
) =2l reote =3 R
> 221(22 — 1) By; =1
tan =Yy B =Y+
i=1 (21)' i=1 !
I S =) gl
Lo 4T ] C(x) — ’

¢(x) = 2 dif) where d(n) = 3
(o -1 = i "0 where S(m) = 4
¢(2n) - 2 B | 2 neN,

sin z ; (29)! ’
i=0
1—vT—4z\" in(?i—l—n—l)! ;
—_— = —_——
2z — il(n+21)! ’
o - > 22'/Qsim%7r
e“sinx = —

1—T—xz - (44)! ;
z Zmzf( Di2it

arcsin 2\ 2 io: 4412 %
= —_— ",
z « (i+1)(20 4+ 1)!

Stieltjes Integration

If G is continuous in the interval [a, b] and F' is nondecreasing then

b
/ G(x)dF ()
exists. If a < b < ¢ then

/Gr)dF(r /G dF(z /G dF (z

If the integrals involved exist

/b(()+H /G z)dF(z /H )dF(x
/G /Gr)dF /G dH (x
/ /G (m)):c/a G(z) dF(z),

/ G(z)dF () = G(b)F(b) — G(a)F(a) — / F(z)dG(z).

a
If the integrals involved exist, and F' possesses a derivative F’ at every|
point in [a, b] then

/GdF /G

Crammer s Rule

If we have equations:
a1,1%1 + a12T2 + -+ a1 pTy = by

a2,1%1 + G22T2 + -+ A2 Ty = by

n 11+ Gp2Za+ -+ Ay nTy = by

Let A = (am') and B be the column matrix (b;). Then
there is a unique solution iff det A # 0. Let A; be A

with column ¢ replaced by B. Then
det Al

det A°

T; =

Fibonacci Numbers
0 47 18 76 29 93 85 34 61 52
86 11 57 28 70 39 94 45 2 63 1,1,2,3,5,8,13, 21, 34, 55, 89
.
95 80 22 67 38 71 49 56 13 4 Definit;
59 96 81 33 7 48 72 60 24 15 elinitions:
73 69 90 82 44 17 58 1 35 26 Fi=F,_1+F_s, Fy=1rF =1,
68 74 9 91 83 55 27 12 46 30 = (—1)i—1FZ-,
37 8 75 10 92 84 66 23 50 41 1 L
= ¢ — ¢
14 25 36 40 51 62 3 77 88 99
21 32 43 54 65 6 10 89 97 78 Cassini’s identity: for ¢ > 0:
42 53 64 5 16 20 31 98 79 87 2 _ i
Fip1Fioq — FP = (1)

Improvement makes strait roads, but the crooked
roads without Improvement, are roads of Genius.
— William Blake (The Marriage of Heaven and Hell)

The Fibonacci number system: Additive rule:

Every integer n has a unique | Foir = FeFnp1 + Fr_a P,
representation Fon =FoFpp1+ Fi Py
n=Fy + Fe,+- -+ Fy,, Calculation by matrices:

where k; > kijp1 + 2 for all 2, Fn_y Fpoq 0 1\"
1<i<mandk, > 2. Foohw F, ) \1 1)




